
II.1 Separation Axioms

정의 1 A topological space X is called a Hausdorff space (T2 − space) if each

two disjoint points have non-intersecting neighborhoods, i.e., for each x, y,

there exist Ox, Oy which are open sets with x ∈ Ox and y ∈ Oy such that

Ox

⋂
Oy = ∅.

정의 2 A topological space X is said to be T1, if for each pair of distinct point,

each has a neighborhood which does not contain the other.

A space X is said to be regular, if for each pair consisting of a point x and a

closed set B disjoint from x, there exist disjoint open sets containing x and B,

respectively. (T3)

A space X is said to be normal, if for each pair A,B of disjoint closed sets of

X, there exist disjoint open sets containing A and B, respectively. (T4)

Example A discrete space is Hausdorff.

A metric space is Hausdorff.

A indiscrete space is not Hausdorff.

A space with cofinite topology is not Hausdorff but is T1.

명제 1 (1) Each subspace of a Hausdorff space is Hausdorff.

(2)
∏
Xα is Hausdorff if and only if each Xα is Hausdorff.

증명 (1) Let X be a Hausdorff space and Y be a subspace of X. Let

a, b ∈ Y ⊂ X with a 6= b. Since X is Hausdorff, there are disjoint open

neighborhoods U and V , containing a and b, respectively. By definition of

subspace, Y ∩ U and Y ∩ V are disjoint open neighborhoods in Y containing

a and b, respectively.

(2) (⇐) Let X =
∏
Xα. Let x = (xα), y = (yα) with xα 6= yα for some α.

Since Xα is Hausdorff, there are separating open neighborhoods Oxα and Oyα .

Then p−1(Oxα) and p−1(Oyα) are separating open neighborhoods in X.

(⇒) Since Xα can be embedded as a subspace of
∏
Xα which is Hausdorff, Xα
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is also Hausdorff by (1).

(exercise) For each β 6= α, fix a point aβ ∈ Xβ. Then s : Xα →
∏
Xα given

by

s(xα)β =

{
aβ β 6= α

xα β = α

is an embedding.

명제 2 X is a Hausdorff space if and only if the diagonal ∆ = {(x, x) | x ∈ X}
is closed in X ×X.

증명 X is Hausdorff.

⇔ ∀(x, y) ∈ 4c, ∃ Open neighborhoods Ux, Uy of x and y s.t. Ux × Uy ⊂ 4c.

⇔ 4c is open in X ×X.

⇔ 4 is closed in X ×X.

명제 3 Suppose that X is Hausdorff, then the followings hold.

(1) Each point in X is closed

(2) If x is an accumulation point of A in X, then each neighborhood of x

contains infinitely many points of A

증명 (1) Clear by definition.

(2) Suppose U is an open set containing x and only finite number of points of

A different from x. Since B := U ∩ A − {x} is a finite subset of a Hausdorff

space, it is closed and hence V := U −B is open. Then V is a neighborhoods

of x containing no points of A different from x. Thus x is not an accumulation

point, which is a contradiction.

명제 4 Let f, g : X −→ Y be continuous maps from a topological space X to

a Hausdorff space Y . Then

(1) {x | f(x) = g(x)} is closed

(2) If D ⊂ X is dense, i.e., D = X and f |D= g |D, then f = g on X

(3)The graph of f is closed in X × Y
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증명 (1)Define ϕ : X −→ Y × Y by ϕ : x 7−→ (f(x), g(x)), then {x |
f(x) = g(x)} = ϕ−1(∆). Since Y is Hausdorff, Thus ∆ is closed. Since ϕ is

continuous, ϕ−1(∆) is closed.

(2) Since f |D= g |D, D ⊂ {x : f(x) = g(x)}. Since {x : f(x) = g(x)} is

closed, X = D ⊂ {x : f(x) = g(x)} ⊂ X. Thus f = g on X.

(3) Define ψ : X×Y −→ Y ×Y by ψ : (x, y) 7−→ (f(x), y). Then the graph of

f = {(x, y) : f(x) = y} is equal to ψ−1(∆). Thus the graph of f is closed.

Homework 1 Suppose Y is not Hausdorff in the preceding proposition. Find

counter examples to (1) and (2) above.
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