
IV.2 Urysohn Lemma

Ça�h� 1 (Urysohn lemma) normal space X �©�_� disjoint closed set Cü< D
�� ÅÒ#Q&���̀¦M:, f(C) = 0 and f(D) = 1 s� $í
wn�
���H ���5Åq�<ÊÃº f : X → [0, 1]
�� �>rF�ô�Ç��.

¤� ÃZ� ���$� O1:=Dc ⊃ C �� 
���� X_� normality\� _�K�

C ⊂ O0 ⊂ O0 ⊂ O1

�̀¦ ëß�7á¤
���H open set O0�� �>rF�ô�Ç��. #�l�"f ��r�ô�Ç��� normality\�¦ Òqty��K�
�Ð��� O0 ⊂ O1 ��s�\�

O0 ⊂ O1/2 ⊂ O1/2 ⊂ O1

÷&�̧2�¤ O1/2\�¦ z�0>V,��̀¦Ãº e���¦, q�5pwô�Ç ~½ÓZO�Ü¼�Ð O1/4, O3/4\�¦ z�0>V,�#Q

O0 ⊂ O1/4 ⊂ O1/4 ⊂ O1/2 ⊂ O1/2 ⊂ O3/4 ⊂ O3/4 ⊂ O1

s� ÷&�̧2�¤ ½+É Ãº e����. s�ü<°ú �Ér ���\O��̀¦ ìøÍ4�¤
�#�

{Or|r ∈ A}, A =
{ m

2n

∣∣∣m = 1, 2, · · · , 2n − 1, n = 1, 2, · · ·
}

\�¦ Òqt$í

���� �½Ó�©� Ot ⊂ Os if t < s s� �)a��. s�M: A �� [0, 1] _� dense subset
s�����H �¦̀�	כ Ä»_�K���ô�Ç��. s�]j

f : X → [0, 1] by f(x) =

 sup{s
∣∣ x /∈ Os}

0 if x ∈ O0

\�¦ &ñ
_�
���. s�XO�>� &ñ
_�ô�Ç �<ÊÃº f��H ��"î

�>� f(C) = 0, f(D) = 1 s� �)a
��.�<ÊÃº�����5Åqe���̀¦7£x"î
½+ÉM: subbasis_�%i��©�s� opene���̀¦�Ðs����Ø�æì�r
�Ù¼
�Ð f−1[0, a)ü< f−1(a, 1]s� open in X e���̀¦ �Ðs���� 7£x"î
s� =åQèß���.

f−1[0, a) =
{

x
∣∣∣ 0 ≤ f(x) < a

}
=

⋃
t<a

Ot :

i) (⊂): x ∈ f−1[0, a) ⇒ f(x) < a ⇒ f(x) < t < a for some t ∈ A ⇒ x ∈ Ot.
( ∵ x /∈ Ot ⇒ t ∈ {s|x /∈ Os} ⇒ t ≤ sup{s |x /∈ Os} = f(x) �̧í�H.)
ii) (⊃): x ∈ Ot ⇒ t /∈ {s|x /∈ Os} ⇒ a > t ≥ sup{s|x /∈ Os} = f(x).
0Aü<°ú s� f(x) < a ⇐⇒ x ∈ Ot for some t < a s� ÷&#Q f−1[0, a)��H Ot [þt_�

union s� ÷&�¦ open s���.
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f−1(a, 1] =
{

x
∣∣∣ a < f(x) ≤ 1

}
=

⋃
t>a

Ot
c
:

i) (⊂): a < f(x) ⇒ a < t < t′ < f(x) for some t, t′ ∈ A s.t x /∈ Ot′ ⇒ x /∈
Ot ⇒ x ∈ Ot

c
.

ii) (⊃): x ∈ Ot
c
, t > a ⇒ x /∈ Ot ⇒ x /∈ Ot ⇒ f(x) = sup{s|x /∈ Os} ≥ t > a.

����"f f−1[0, a) ü< ��ðøÍ��t��Ð f−1(a, 1] ¢̧ô�Ç open s��)a��.

Remark X : normal⇒ ∃ bump funtion f : X → [0, 1] for any pair Cclosed ⊂
U open, i.e.,

f =

{
1 in C
0 in U c
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