IV.3 Hilbert cube and Hillbert space

Hilbert cube: I =[[ 2, I,,, where I,, = [0, 1].
Hilbert space: H = {x € R®| > 22 < oo}, where ||z|> = > 2?.

WA 1 (H,| -|) is a complete metric space.

29 |- | s anorm, ie. [z + yl] < [lall + [yl

Since we know this inequality in R"™, we have
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Now the right hand side is clearly < ||z|| + |ly|| for any n, and so is the left
hand side, and the desired inequality follows.

Show that H is complete:

Let (z,,) be a Cauchy sequence, i.e., Ve > 0, N such that m,k > N = ||z, —
zi|| < €. Let 2, (i) denote s it coordinate. Then {z,,(i)}n=12... is a Cauchy
sequence in R, and x(7) := lim,,_, ,(7) exists by the completeness of R. In
the inequality > 7 | (2 (1) —2(4))? < || —ax]]* <, if welet k — oo, then we
obtain Y ¢ (2, (i) —2(i))* < €2, and hence ||z, —z||* = Yo (@ (i) —2(i))? <
e2. Now z € H since ||z|| = [|[x — @ + || < |2 — 2] + [|2m]| < 0. O

Remark (I, |- ||) # H C R>.
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There is no basic open set w.r.t. the product topology contained in || - ||-ball
about the origin. 0

WA 2 1% is metrizable with d(z,y) = sup{%} , where dp, (%, yn) is the
standard metric on I, = I,n=1,2,---.

7
(Step 1) Show d is a metric:
d(x,Z) = SUPHM S Supn(dn(x;:,yn)_i_dn(y?:,Zn)) S SUpnw—l—suan

=d(z,y) +d(y, 2).

(Step 2) d-topology = product topology:

D) : U={U=p;" (0N ﬂpi_kl(Oik)} is a basis for the product topology
and U is a typical basic open set. Let B.(x) be the ball in I*° with radius e
and centered at z.

Ve e U,36 > 0st. V =p; (s, — 6,2 +0) - Np;, (w3, — 6,25 +0) CU.
Choose € = %. Then z € B.(z) CV C U:



yeBe(x):>M<e,Vn:>y€V.

Therefore d-topology D product top.

(C) : Conversely for given B.(x), Ing s.t. n > ny implies ne > 1. Then x €
Py (m—e, z1+€) N pr H(wa—2€, 22426) (- - - N Pyt (T —T0€, T +10€) C Be(x).
Therefore product topology O d-topology. O

Remark 1. We can replace d by d,, in the above proposition, where d,(z,y) :=
supcwfl—"p’y"), p > 0.

2. By the same proof, we can show that [[°7 X,, is metrizable if each X, is
metrizable with diam(X,) < M, Vn.

WA 3 I can be embedded into H.
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Show f : I — [[>2,[0,1/n] C H given by f(z) = (x1,22/2,---) is an em-
bedding:

1. f is obviously bijective.

2. f7' iy (y1,2y9,- -+ ) is continuous since p, : (H, |- ||) — R is continuous.
3. f is continuous, i.e., show that Ve > 0,36 > 0 such that d,(z,y) =

Zn=Yn| o0 Tn—Yn)>
suplZetel < 6 = || f(x) = Fly)ll = /300, Coel < e

Now let p = 1/4. Then

o0

(%0 — yn)® 2 — (T — yn)’ 2 1
NG <4 :>z;—n2 <4 ZW

n=1
Let Y " =75 =: o and choose § = ¢/\/av. 0



