
IV.5 AR and ANR
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%K� 1 In the Tietze extension theorem, which space Y can replace I? Such
Y is said to have the universal extension property.

Example Let Y = S1 and f : S1 → S1. Then does the extension f̄ :
D2 → S1 exist?
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%K� 2 For what pair (X, A), does the Tietze extension theorem hold for all Y ?
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f ·r=f̄
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If A is a retract of X, i.e., there exists a retraction r : X → A such that
r · i : A ↪→i X →r A is an identity map, then question2 holds.

Ça��+ 1 A normal space A is called an absolute retract(AR) if for all f :
A → X which is an embedding of A into a normal space X with f(A) closed,
f(A) is a retract of X, i.e., ∃ a retraction r : X → f(A), namely r ◦ i = id.

Ça�h� 1 In is an absolute retract.
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For any embedding f : In → X such that f(In) = A ⊂ X is closed, let’s show
that A is a retract of X. Consider the following map :

In
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∃f−1:X→In
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r:=f ·f−1:X→A
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Check that r · i = f · f−1 · i = f · f−1 =identity map.

Remark In the proof we use only Theorem 2 of the previous section, and
hence any space Y that can replace In in Theorem 2 becomes an AR. Hence
a space with UEP is an AR. In fact the converse also holds.

Homework Prove that AR ⇔ UEP.

Ça��+ 2 A normal space A is called an absolute neighborhood retract(ANR)
if for all f : A → X which is an embedding of A into a normal space X with
f(A) closed, f(A) is a neighborhood retract of X, i.e., ∃U an open neigh-
borhood of f(A) and a retraction r : U → f(A).

Ça�h� 2 Sn is an absolute neighborhood retract.
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For any embedding f : Sn → X such that f(Sn) = A ⊂ X is closed, let’s show
that A is a neighborhood retract of X. Since Sn ⊂ Dn+1 and Dn+1 has UEP,
φ := i ◦ f−1 : A → Dn+1 has an extension φ̄ : X → Dn+1. Now a retraction
r : D − 0 → Sn induces a retraction f ◦ r ◦ φ̄ : φ̄−1(D − 0) → A.

Remark As for the AR case, the property of being an ANR is equivalent to
having the corresponding extension property for some neighborhood.

Homework 1. A product is AR iff each factor is AR.
2. Same for a finite product of ANR’s.
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