Baire Space and Category

o] 1 AC X is nowhere dense if A= , or equivalently A° is dense.

YA 1 Suppose X is a space, then the followings are equivalent.
1. A countable intersection of open dense sets in X is dense.
2. A countable union of closed sets with empty interior has empty interior.

3. A countable union of nowhere dense sets has empty interior.
%
(1 & 2) It is clear since U, is open dense iff (U,)¢ is closed with an empty

interior, and
(U= J ).
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(2 = 3) Suppose {U,} is a countable collection of nowhere dense sets. Since
U, is a closed set with an empty interior, by the assumption, U2, U, has an
empty interior. Thus (J;”, U, has an empty interior.

(3 = 2) By definition a closed set with an empty interior is nowhere dense.

A 2] 2 A space X is a Baire space if it satisfies any of the equivalent state-
ments in the above proposition.
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A8 2 (Baire) A locally compact Hausdorff or a complete metric space is a
Baure space.
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Interesting applications
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2] 3 (Baire) X is a Baire space

< the interior of a 1st category set is empty
& a set containing open set is of 2nd category
< a non-empty open set is of 2nd category.
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Homework
1. Baire space®] open subset-2 Baire space.
2. Baire space®] Gs -subset-= Baire space.



