
Baire Space and Category

Ça��+ 1 A ⊂ X is nowhere dense if A
i
= ∅ , or equivalently A

c
is dense.

ÃZ�V� 1 Suppose X is a space, then the followings are equivalent.

1. A countable intersection of open dense sets in X is dense.

2. A countable union of closed sets with empty interior has empty interior.

3. A countable union of nowhere dense sets has empty interior.

¤� ÃZ�

(1 ⇔ 2) It is clear since Un is open dense iff (Un)c is closed with an empty
interior, and

(
∞⋂

n=1

Un)c = (
∞⋃

n=1

U c
n).

(2 ⇒ 3) Suppose {Un} is a countable collection of nowhere dense sets. Since
Un is a closed set with an empty interior, by the assumption,

⋃∞
n=1 Un has an

empty interior. Thus
⋃∞

n=1 Un has an empty interior.
(3 ⇒ 2) By definition a closed set with an empty interior is nowhere dense.

Ça��+ 2 A space X is a Baire space if it satisfies any of the equivalent state-
ments in the above proposition.

Note: A ⊂ X �� dense �����H ��Ér	כ Ac_� interior�� empty����H ��õ	כ 1lxu�s�
��. 7£¤ ���Érú́��Ð���� X_� e��_�_� open sets� Aü< ëß�èß�����H >pws���.

Ud1. Q ��H Baire space�� ��m���.
Q =

⋃
r∈Q{r}\�"f y��{r}[þt�Ér closeds��¦ interior�� emptys�t�ëß�. s���_þt]	כ

countable union�Ér Q ����̂�� ÷&�¦ ����"f interior�� empty�� ��m���.

Ud2. Z ��H Baire spaces���.
Z_� dense subset�Ér��l������÷�rs���.�=������ Z_� topology��H discrete topol-
ogys��¦ ����"f ô�Ç&h�Ü¼�Ð �)a |9�½+Ë {n}s� open sets� �)a��. Õª�QÙ¼�Ð ô�Ç&h�s�
���̧ ��t���� dense�� îß�÷&l� M:ë�Hs���.
����"f &ñ
_��ÐÂÒ'� ��"î
�>� Z��H Baire space�� �)a��.

Õª�Q��� �����Û¼XO�>� R, R2, Rns� Baire space���t� �����t�_� #�ÂÒ\� @/ô�Ç Óüt6£§
s�Òqt|����.s�Óüt6£§\�@/ô�Ç@/²ú��Ér�FN&ñ
&h����X<��6£§_�&ñ
o�\�¦7£x"î
�������Ð
·ú� Ãº e����.
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Ça�h� 2 (Baire) A locally compact Hausdorff or a complete metric space is a
Baire space.

¤� ÃZ�

X�� locally compact Hausdorff s���� ∀x ∈ Xü< x_� neighborhood U\� @/K�
x ∈ V ⊂ V ⊂ Us��¦ V�� compact�� ÷&��H V�� �>rF�ô�Ç��.
s�]j Dn, n = 1, 2, 3, · · ·\�¦ dense open sets��� ¿º�¦ ∀U\� @/K� ��6£§�̀¦ �Ðs�
�9 ô�Ç��.

∞⋂
n=1

Dn ∩ U 6= ∅ :

Dns� dense����H ��z�́�ÐÂÒ'�
D1 ∩ U 6= ∅ ⇒ ∃x ∈ D1 ∩ U ⇒ ∃V1 such that x ∈ V1 ⊂ V1 ⊂ D1 ∩ U
D2∩V1 6= ∅ ⇒ ∃x ∈ D2∩V1 ⇒ ∃V2 such that x ∈ V2 ⊂ V2 ⊂ D2∩V1 ⊂ D1∩U

...

∃Vn such that Vn ⊂ Vn ⊂ Dn ∩ Vn−1.
����"f · · · ⊂ Vn ⊂ Vn−1 ⊂ Vn−1 ⊂ V1 s��¦ V1�Ér compacts���.
{Vn} has F.I.P. ⇒

⋂
Vn 6= ∅. Õªo��¦

⋂
Vn ⊂

⋂∞
m=1 Dm ∩ U .

����"f locally compact Hausdorff /BNçß�\� @/K�"f��H 7£x"î
s� =åQz�¤��.

��6£§Ü¼�Ð complete metric /BNçß�\� @/K�"f�̧ s�ü< q�5pwô�Ç ~½ÓZO��̀¦ ��6 x���HX<
Vn @/���\� open ball Bn�̀¦ ��6 xô�Ç��.
��ðøÍ��t��Ð Dn, n = 1, 2, 3, · · ·\�¦ dense open sets���¿º�¦ ∀U\� @/�#���6£§
�̀¦ �Ð�����.

∞⋂
n=1

Dn ∩ U 6= ∅ :

D1∩U 6= ∅ ⇒ ∃ an open ball B1(x1, r1) of radius r1 < 1 such that B1 ⊂ D1∩U
D2∩B1 6= ∅ ⇒ ∃ an open ball B2(x2, r2) of radius r2 < 1

2
such that B2 ⊂ D2∩B1

...

∃Bn of radius rn < 1
n

such that Bn ⊂ Dn ∩Bn−1

{xn}�� Cauchy Ãº\P� ⇒ xn → ∃x ∈ X
∀m, {xn}n≥m ⊂ Bm ⇒ x ∈ Bm ⊂ Dm ∩Bm−1 ⊂ Dm ∩ U.
∴ x ∈

⋂∞
m=1 Dm ∩ U
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Interesting applications
1. Q ⊂ R��H Gδ -set(i.e., a countable intersection of open sets)s� ��m���:

ëß���� Gδ -sets����¦��&ñ
����&h�{©�ô�Ç open set On[þts��>rF�K�"f Q =
∞⋂

n=1

OnÜ¼

�Ð ����?/#Q|9� Ãº e����. Õª�Q��� y��y��_� Ons� R_� open dense subsets� ÷&#Q
�� ô�Ç��. (∵ Q ⊂ On)
¢̧ô�Ç Ur = R \ {r}, r ∈ Q�Ð Z�~Ü¼��� Urs� dense �����Ér	כ ��"î
���.
Õª���X< y��y��_� On, Ur[þts� open dense subsets�Ù¼�Ð

∅ = Q ∩Qc =
∞⋂

n=1

On ∩
⋂
r∈Q

Ur

�Ér R_� dense subsets���.
/BN|9�½+Ës� dense subset {9� Ãº \O�Ü¼Ù¼�Ð s���Ér	כ �̧í�Hs��¦ ����"f 7£x"î
s� ÷&%3�
��.
2. @ f : R → R is continuous precisely at Q ⊂ R:
ìøÍ���\� R \ Q\�"f precise�>� ���5Åq��� �<ÊÃº��H �>rF����HX< Õª�Qô�Ç \V\�¦ ��6£§
õ� °ú s� ½̈�̂&h�Ü¼�Ð ëß�[þt#Q �Ð��.
���$� Qü< N��s�\� 1-1 @/6£x�̀¦ ÅÒ��H �<ÊÃº ϕ\� @/K� f\�¦ ��6£§%�!3� Z�~��H��.

f =


1

ϕ(x)
x ∈ Q

0 x ∈ Qc

Õª�Q��� s� �<ÊÃº��H &ñ
SX�y� Áºo�Ãº&h�[þt\�"f ���5Åqs���.
(�=������ e��_�_� ε\� @/�#� 1

ϕ(x)
> ε ��� x��H Ä»ô�Ç>h ÷�rs���.)

Õª�Q��� ��r� %�6£§Ü¼�Ð [�t����"f ìøÍ@/�Ð &ñ
SX�y� Ä»o�Ãº&h�[þt\�"f ���5Åq��� �<Ê

Ãº�� �>rF��t� ·ú§��H�¦̀�	כ �Ðs���.
Õª�Qô�Ç �<ÊÃº f�� �>rF�ô�Ç���¦ ��&ñ
���. On =

⋃
{Oopen ⊂ R | diamf(O) <

1
n
}Ü¼�Ð ¿º���

C(f) :=
∞⋂

n=1

On

�Ér ���Ð f�� ���5Åq��� &h�[þt_� |9�½+Ës��)a��.

��&ñ
Ü¼�ÐÂÒ'� C(f) = Qs���.
&ñ
_��ÐÂÒ'� C(f)��H Gδ -sets���. (open set[þt_� countable intersections�Ù¼�Ð)
Õª���X< 1���\�"f Q�� Gδ -sets� ��_���̀¦ �Ð%i��¦ ����"f �̧í�Hs���.
Õª�QÙ¼�Ð &ñ
SX�y� Ä»o�Ãº&h�[þt\�"f ���5Åq��� �<ÊÃº��H �>rF��t� ·ú§��H��.
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Ud. point, line, curve��H nowhere denses���.
Q��H R0A\�"f nowhere dense�� ��m���.
cantor set C��H nowhere denses���.

Ça��+ 3 X_� nowhere dense set[þt_� countable union�̀¦ 1st category sets����
�¦ ���Ér �̧��H set�̀¦ 2nd category sets��� ô�Ç��.

Ud. Q��H 1st category (∵ Q =
⋃

r∈Q{r})

Ça�h� 3 (Baire) X is a Baire space
⇔ the interior of a 1st category set is empty
⇔ a set containing open set is of 2nd category
⇔ a non-empty open set is of 2nd category.

¤� ÃZ� A subset of a nowhere dense set is nowhere dense and hence a subset of
1st category set is of 1st category.

���/BNçß� X ������̧ ì�r"î
y� opens�Ù¼�Ð &ñ
o�_� ?/6 x\�"f ���Ð ��6£§�̀¦ %3��̀¦ Ãº
e����.

����̧Ça�h� 4 1. Baire space ������Ér 2nd category.
2. X�� Baire space{9� M: X_� subset A�� 1st category s���� Ac

��H 2nd category
sets���.

(ëß���� ÕªXO�t� ·ú§���¦ ��&ñ
���� X = A ∪ Acs�Ù¼�Ð X�� 1st category���X< s�
��Ér	כ 0A_� ��2£§&ñ
o�\� _�K� �̧í�Hs���.)

Ud. R \Q��H 2nd category

Homework
1. Baire space_� open subset�Ér Baire space.
2. Baire space_� Gδ -subset�Ér Baire space.
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