
Nowhere Differential function

s�����©�\�"f��H [0, 1]\�"f R�Ð����H nowhere differentiable continuous functions�
�>rF��<Ê�̀¦ ·ú����Ð��.
(z�́]j�Ð s��Qô�Ç �<ÊÃº[þt�Ér dense�>� �>rF�ô�Ç��. 7£¤, s��Qô�Ç �<ÊÃº[þt_� |9�½+Ë�Ér
�<ÊÃº/BNçß�_� dense subsets� ÷& 9 ����"f e��_�_� �<ÊÃº\�¦ s��Qô�Ç �<ÊÃº[þt�Ð ��H
��r�~�́Ãº e����.)
C := C([0, 1], R) with sup metric d(f, g) = max

x∈I
|f(x)− g(x)|

⇒ C��H complete metric space.
⇒ C��H Baire space.

ÅÒ#Q��� α � 0, 0 < h � 1\� @/�#� ��6£§�̀¦ &ñ
_�ô�Ç��.

∆f(x, h) = max(

∣∣∣∣f(x + h)− f(x)

h

∣∣∣∣ ,

∣∣∣∣f(x− h)− f(x)

−h

∣∣∣∣)
and

U(α, h) = {f ∈ C | ∆f(x, h) ≥ α, ∀x}

*d�v±ú� �<ÊÃº f_� typicalô�Ç �̧_þv

Un =
⋃
{U(α, h) | α > n, h < 1

n
}���¦ ���.

Õª���X< f ∈
∞⋂

n=1

Un s���� f��H nowhere differentiable functions� �)a��:

∵ ∀n, f ∈ Un

⇒ ∀n, ∃αn > n, hn < 1
n

such that f ∈ U(αn, hn)
⇒ ∀n, ∆f(x, hn) ≥ αn > n, ∀x ∈ I
⇒ ∀x ∈ I, lim

h→0
∆f(x, h)�� �>rF��t� ·ú§��H��.

ëß�{9� f��p�ì�r��0px������ lim
h→0

∆f(x, h) = |f ′(x)|��÷&#Q��ô�Ç��.����"f f��

#QÖ¼&h�\�"f�̧ p�ì�r��0px�t� ·ú§6£§�̀¦ ·ú� Ãº e����.

s�]j

∞⋂
n=1

Un�� dense�<Ê�̀¦ �Ðs���.

C�� Baire����H $í
|9��ÐÂÒ'� Uns� open dense����H �¦̀�	כ �Ðs���� ·ú¡�©�_� &ñ
o�\�

_�K�

∞⋂
n=1

Un�� densee���̀¦ ·ú� Ãº e����.
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Claim 1. Un is open:

(¤� ÃZ�) f ∈ Un ⇒ f ∈ U(α, h) for some α > n, h < 1
n
. s�]j &h�{©�ô�Ç ε\� @/K�

d(f, g) < ε ⇒ g ∈ Une���̀¦ �Ðs���.

| ∆f(x, h)−∆g(x, h) |≤
∣∣∣f(x+h)−g(x+h)−(f(x)−g(x))

h

∣∣∣ ≤ 2ε
h
.

ëß�{9� ε = h(α−n)
4
Ü¼�Ð ���×þ����� | ∆f −∆g |≤ α−n

2
÷&�¦

n < α− α−n
2
≤ ∆f − α−n

2
≤ ∆g ≤ ∆f + α−n

2
s� �)a��.

Claim 2. Un is dense:

(¤� ÃZ�) ÅÒ#Q��� g ∈ C, ε > 0\� @/�#� d(f, g) < ε ��� f ∈ Un�� �>rF��<Ê�̀¦ �Ðs�

��. diam(g([xi, xi+1])) < ε
2
�̀¦ ëß�7á¤���H [0, 1]_� partitions� �>rF�ô�Ç��.

Õª�Q���y�� [xi, xi+1]× g[xi, xi+1]ÂÒì�r�̀¦ Un\�[þt#Q����H&h�{©�ô�Çd�v±ú��<ÊÃº[þt�Ð

@/�̂K�"f ������K��̧ Un\� [þt#Qçß���. s�M: �'a¹1Ï �í���àÔ��H d�v±ú��<ÊÃº f\�"f ô�Ç
����Érd�v±ú�_��â
�����ì�r_�l�Ö�¦l�[þt×�æ���©�����Ér°ú̀�כ¦ α�Ð, ¢̧ s����ì�r�̀¦c±	���
Ü¼�Ð��t���Hf��y�����y��+þA_�x9�����̀¦ 1/2�Ð������Ér h\�¦���×þ����� f ∈ U(α, h)s�
�)a��.
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