Further examples

1. Projective space

(a) Define an equivalence relation ~ on R**\{0} by

x:(l‘l?"'aa?n—l-l)’\"y: (ylv"'7yn+1)

if and only if x = Ay for some A € R\{0}.

Now let RP™ := R""!/ ~. Denote equivalence class of x by [z] = [z1, %2, . .., Tpi1]-
This is a manifold, in fact C'**°-manifold.

Consider Uy = {[z] = [x1, ..., Zpy1] : 71 # 0} and define ¢, : U — R™ by

T2 Tnt+1
[xl,...,xn+1]»—>(—,..., )

X1 X1

We claim that ¢; is a homeomorphism:
Let Vi ={z = (21,...,2p11) : 71 # 0} C R"™\{0} , and define ¢, : V; — R"

by
oty (20 2)

X1 X1

Since U, is a quotient space of Vi and ¢, is induced by 1, ¢; is a continuous
map. Let ¢ : V7 — U; be a quotient map and let o; : R® — V; be given by
(yh cee 7yn> = (17 Yis - - 7yn) then ¢1 o (q00'1> = ZdR” and (qo 01) © (bl = idlxﬁ'
Hence ¢, is a homeomorphism.

HW Show that RP"™ is a C'°°-manifold.

(b) i
KN Rn—i—l\{o}
la  lqg
S"/ ~— RP"
i
~ : antipodal identification, where antipodal map A : S™ — S™ is defined by
x — —z. Equivalence relation on S™ is given by x ~ —x = Ax.
Then there exists a well-defined bijective continuous map i, because 7 is an
embedding and ¢ is a quotient map. Since S™ is compact and RP™ is Haus-
dorff, 7 is a homeomorphism.



(dim 1) RP! = S'/ ~= S1
The quotient map may be given by z — 22.

(dim 2)
RP? with one point deleted is homeomorphic to open Mé&bius band.

2. Product manifold

M™ N™: manifolds = M x N is an (m + n)-manifold.

“VY(p,q) € M x N, p € M has a coordinate neighborhood (U, ¢) homeo-
morphic to an open subset of R™ and ¢ € N has a coordinate neighborhood
(V,4) homeomorphic to an open subset of R". It follows that (p,q) has a

coordinate neighborhood (U x V, ¢ x 1) homeomorphic to an open subset of
R™ x R™ = R™*",

Example 1 RZ2=R! xR! 7?2 = St x S1, T3 = St x St x St ...

3. Other constructions

Connected sum, boundary identification, ...

Example 2 S3 can be obtained by identifying the boundaries of two solid tori
as follows:

D? x D?> = D*

= 0(D* x D?) =09(D*) = S*

= (0D? x D*)|J(D?* x 9D?*) = (S' x D?)|J(D?* x St) = §3

The picture shows the decomposition of S? as a union of two solid tori.
HW Can you decompose S? as a union of two handle bodies of genus 27

4. Lie group

2] 1 A topological space X is a topological group if
1. X is a group.
2.1: X x X — X given by (z,y) — zy~! is continuous.

Example 3 Topological group



1. Any group G with discrete topology.

2. R™ : additive group.
" (x,y) — x — y is continuous.

3. S' c C is a multiplicative group.

St x St — S by (z,w) — £ is continuous.

4. General linear group Gl(n,R) = {A € M,(R) : detA # 0} C R
"> The map given by (A, B) — AB™! is continuous.

2] 2 A Lie group is a topological group X which is a smooth n-manifold
such that p is C*

Above examples are all Lie groups.

5. Manifold with boundary

A 2] 3 A Hausdorff space M is an n-manifold with boundary if Vp € M, 3 a
coordinate chart (U, ¢) of p which is homeomorphic to either R™ or H", where
H" = {z = (x1,...,2,) € R" : , > 0}, with ¢(p) =0. OM = {z € M : z has
a coordinate neighborhood homeomorphic to H"} is called a boundary of M.

The notion of boundary point is well-defined by the following theorem.

A2l 1 (Invariance of domain) Let U C R™ be an open set and h : U — R"
be 1-1 and continuous map. The h(U) is open in R™.

Invariance of domain implies that the image of an interior point by 1-1 and
continuous map is also an interior point and the image of a boundary point is
also a boundary point.

If M is an n-manifold, then OM is an (n — 1)-manifold.



