Contractible space and Brouwer fixed point

Aol 1 A space X is contractible to xy € X if
idx ~ ¢, where ¢ : X — {xo} C Xis a constant map.

Remark contractible = path connected.

o] 1. R" is contractible.
F(x)=tx & $H o]+ id £} 0 7+ homotopy & =T}
2. D™ is contractible. HA] F(x)=tx 2 3 H o}
3. Any space which is homeomorphic to D™.
4. A "tree” is contractible.(Z13)
5. St is not contractible.

24 6. X=Y and X is contractible = Y is also contractible.
Can you show that S is not contractible.(m;& 2 X 931 FHAHo =z
B 4 9u)

Remark.

1. X is contractible to xqg € X = X is contractible to any other point of X :
X7} contractible to xy ©] ™ path connected |2 & V 2, € o thsl zy, 21 A
olof path p7} EAth F £ idx £} ¢y, 48] homotopy et & wff ofzf 2} 2
o] Ao H HE idx S} ¢y, AFolll @3 homotopy & FT-

Hz,t) = { p(2t —1)

2. X is contractible & X ~ {point} :
= %) {70} — X — {zo} A

? Cxo
C2o01 = idy, ©] 3L X 7} contractible ] 22 joc,, ~ idx 0]t} WEkA X ~ {0}
ol
(= 3%) X ~ {xo} °]2Z homotopy equivalence f: X — {z},g: {zo} — X
7} 2A)8kt}. o] wf f+= constant map c,, 7} =3 WEHA go f G A constant
map®| F Tt 2HH| go f ~idyxy ©]EZ X = contractibled}t}.

A8l 1 X is contrantible = 7 (X) = 0.



M X ~ {zo} o]|BE m(X) ¥ m({point}) = 0. 0

Fact. m(S') = Z.
wetA St 2 contractibledtA] ¢kth R*\{0} QA] u}Ek7}A] o)t}

A8 2 (Brouwer fived point theorem,)
Let f : D* — D? be a map. Then f has a fized point, i.e., 3o € D? such that

flz)=x.

%% Suppose not. Then x # f(x),Vz € D

Define a function g : D?* — 0D? as follows :

Let g(z) be the point of intersection of the half line from f(z) to x with 9D?.
ie, g(x) = f(x) + t(x — f(x)) where ¢ is the unique solution of || f(z) + t(x —
f(x))]| = 1. Then g is continuous and g is id on 9D? = St i.e.,

? g
St D? - St and goi = id o] P2 -2 35}= fundamental groupS<= A

Zrsf 2,

it 94
m(SH1) — m(D3i1) —  m(Sh1)
Z 0 Z

o] ¥ 11 o]+ funtorial propertyol] 23l E <o)t} =
O0=gioiy=(goi)y=1idy=1id:Z —Z o]|BE o] B<o] "t} 0



