
Contractible space and Brouwer fixed point
������� 1 A space X is contractible to x0 ∈ X if
idX ' c, where c : X → {x0} ⊂ Xis a constant map.

Remark contractible ⇒ path connected.

�	�
1. Rn is contractible.
F(x)=tx 
� �
������������ � id �� 0 ��� "!	# homotopy $% &(') *,+�- .

2. Dn is contractible. .0/132 � F(x)=tx 
� �
�����546 7 +�- .
3. Any space which is homeomorphic to Dn.
4. A ”tree” is contractible.( 89;:=<> )
5. S1 is not contractible.

?@ ACB	D 6. X∼=Y and X is contractible ⇒ Y is also contractible.
Can you show that S1 is not contractible.(π1 E% &GFHJI �LKNMOQPR SUT1CVXWY[Z�\1^]H 
�_�a`Nbc5de f Tgih - ?)

Remark.

1. X is contractible to x0 ∈ X ⇒ X is contractible to any other point of X :
X j - contractible to x0 ��� ���� path connected ���lkH 
� ∀ x1 ∈ !	#nmpolqsr x0, x1 t -��� !	# path ρ j -,uv *xw rzy|{} +�- . F $% & idX �� cx0

��� �~� homotopy � -��U��a�N�i� -�� r �� � M�
��� Z��� ~� 46 7 H �� � idX �� cx0 t - ��� !	#������� - �� � homotopy $% &(') *,+�- .

H(x, t) =

{

F (x, 2t) 0 ≤ t ≤ 1
2

ρ(2t− 1) 1
2
≤ t ≤ 1.

2. X is contractible ⇔ X ' {point} :
(⇒ ����L���� ) {x0} ↪→ X → {x0} !	#����

i cx0

cx0
◦i = idx0

��� PR X j - contractible ���lkH 
� i◦cx0
' idX ��� +�- . � - � - ��� X ' {x0}��� +�- .

(⇐ ���� ���� ) X ' {x0} ���¡kH 
� homotopy equivalence f: X → {x0}, g : {x0} → X

j -¢uv *£w rzy|{} +�- . ��� �N� f �� � constant map cx0
j - ¤¥ PR � - � - ��� g ◦ f .0/132 � constant

map ���346 7 +�- . 89�¦¨§�[©«ª g ◦ f ' idX ���lkH 
� X �� � contractible
� -�+�- .

����­¬¯® 1 X is contrantible ⇒ π1(X) = 0.
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°±³²3´�µ� X ' {x0} ���¡kH 
� π1(X) ∼= π1({point}) = 0.

Fact. π1(S
1) ∼= Z.

� - � - ��� S1 ¶· * contractible
� - I �LKNMO +�- . R2\{0} .0/1�2 ��¸ -=¹�º» j - I ����� +�- .

����­¬¯® 2 (Brouwer fixed point theorem)
Let f : D2 → D2 be a map. Then f has a fixed point, i.e., ∃x ∈ D2 such that
f(x)=x.
°±³²3´�µ� Suppose not. Then x 6= f(x),∀x ∈ D2.
Define a function g : D2 → ∂D2 as follows :
Let g(x) be the point of intersection of the half line from f(x) to x with ∂D2.
i.e., g(x) = f(x) + t(x− f(x)) where t is the unique solution of ‖f(x) + t(x−
f(x))‖ = 1. Then g is continuous and g is id on ∂D2 = S1 i.e.,

i g

S1 ↪→ D2 → S1 and g ◦ i = id ���lkH 
� mpoL¼��� � - �� � fundamental group ½¾ ¿ E% &GÀ�ÁÂÃ�ÄÅ qsr _� ���� ,
i] g]

π1(S
1, 1) → π1(D

2, 1) → π1(S
1, 1)

Z 0 Z

��� ¤¥ PR ������ � funtorial property !	#J~� qsr^ÆÇÉÈÊ � ��� +�- . �� Ë
0 = g] ◦ i] = (g ◦ i)] = id] = id : Z→ Z ���lkH 
� ���l�� � ÆÇÉÈÊ � ��� 46 7 +�- .
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