Definition of Fundamental Group

Ael1 X, zp) :={a:1— X |a0)=a(l) =} : loop space of X based

at xg.

Define ~ on Q = Q(X,z0) : a ~ & a ~  relative to 01,
ie., 3 F: 1 x I — X such that
1. F(t,0) = a(t),vt € I.
2. F(t,1) = p(t),Vt € I.
3. F(0,8) =29=F(1,s),Vs € I.
In general for f and g : X — Y, f is homotophic to g, denoted by f ~ g,
if damap F': X x I — Y such that
1. F(z,0) = f(x),Vz € X.
2. F(z,1) = g(x),Vz € X.
Note. ~ is an equivalence relation.
(reflexive) a ~ «
(symmetric) a ~ =~ a:
a ~ 35 F+ homotopy Foll thall G(t,s)=F(t,1-s)2 FH °]= f~a & %
Z3}+= homotopy 7} &t}
(transitive) a ~ 3,8~y = a ~ 7 :
F: homotopy between o and 3, G: homotopy between 3 and v 2} 3}x}. o] uj,

HE

F(t,2s) 0<
H(t,s) = { G(t,25 — 1)

2 T H X o 2~ Aol homotopy 7} & ).

Introduce a group structure on Q/ ~.
T 709) loop == AHEA © & F 7 9] path a, 39 T3l A product path ax3E

al2t), o<t<!
o 3(t) :{ ﬂ(2§—)1), 1o
2 Aotz a8 d
(a) * defines a multiplication on Q) ~, i.e., {a}{8} = {a* [} :
o] Fol Q/ ~ oA & BTt Ak A& Holak
Show ay ~ g, 81 ~ P2 = aq % B ~ Qg *x [a:
FE a1, a9 homotopy, GE (3, S & homotopyZ F+H



7} oy * By, g % B2 A0l €] homotopy & T
“A{a}{B} = {a* [} is well defined on 2/ ~.

(b) Associativity, i.e., (ax 3) vy~ ax*x(F*7) :
(axfB)xvy & ax(B*v) = AT 22 path 9 reparametrizationo] 22 T}
< Note@t B o]H Hri.

Note. In general, if 5(t) = «a(¢(t)) where ¢ : [ — [ with ¢(0) = 0 and
o(1) =

(1) 1 is a reparametrization, then o ~ f3.
(%) Flts) : = a(so(t) + (1 - )t) & Aol
F(t,0) = a(t), F(t,1) = a(¢(t)) = B(t) Abelell 3= homotopyE FT

(c) Existence of an identity e: I — {xo} C X. (a constant loop.)
ax e = a2 reparametrization®] 22 2] Noteo] Wat axe~a ~ex*a.

(d)Ezistence of an inverse.
Given a € (), define @(t) := a(1 — t). Then axa ~ e ~ @ * a.
Filxl—X & ts3 2ol ZostAk

a(2t), 0<u<1-2t.
F(t,u) = a2t —1), u<2t—1.
all —u) =a(u), u>|[1-—2¢.
I38W Fe d%0la axat e Abolol homotopys £t} 22 Wy oz
axa~e X GA HY 5

A2l 2 (The fundamental group.)
m (X, 1) = QX, z0)/ ~& X2 fundamental group (based at zq)2Fal F
=)

|



