
Functorial Property

�,É�$ 1 f : (X; x0)! (Y; y0) induces a homomorphism

f] : �1(X; x0)! �1(Y; y0) given by f�g 7! ff Æ �g.

ÐÚò�-É �.»�) f](f�g) Æ" �"¿ �,É¥Ǳ$ÁÆç�$ �"¿(*_f�". ÐÚä x� � � �0
9L 4@?@ f Æ� � f Æ�0

�$ÄÏÚê _f�$�". � �� �0
�"�$¥ homotopy F9L 4@?@ f Æ FÁÆç f Æ � � f Æ �0

�"�$9L

homotopy ÉÚê ÐØ�". æ�#!"�/»

(f Æ F )(t,0) = f(F(t,0)) = f(�(t)) = (f Æ �)(t)

(f Æ F )(t,1) = f(F(t,1)) = f(�0(t)) = (f Æ �0)(t)

(f Æ F )(0,s) = f(F(0,s)) = f(x0) = y0; 8s 2 I.

�"ÏÚïchim f] �$ homomorphism�$ÄÏÚê _f�$�".

f](f�gf�g) = f](f� � �g) = ff Æ (� � �)g�$UW

(� � �)(t) =

(
�(2t); 0 � t � 1

2

�(2t� 1); 1

2
� t � 1

�$̂him f Æ (� � �)ÁÆç �,É{|Ð !$ (f Æ �) � (f Æ �) Æ" m�Ñ�". �"�"�)

f](f�gf�g) = f(f Æ �) � (f Æ �)g = ff Æ �gff Æ �g = (f]f�g)(f]f�g).

�,É�$ 2 1. f : (X; x0)! (Y; y0), g : (Y; y0)! (Z; z0)9L 4@?@

(g Æ f)] = g] Æ f] �$�":

2. id] = id.

ÐÚò�-É

(gÆf)]f�g = f(gÆf)Æ�g = fgÆ(f Æ�)g = g]ff Æ�g = g](f]f�g) = (g]Æf])f�g:

id]f�g = fid Æ �g = f�g.

´$�� Æ"ÍÏÚç �,É�$¿ ÏÚê Functorial property �"UW !~Ñ�".

Remark. The previous theorem ) If f has an inverse f�1 then (f�1)] =

(f])
�1.
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�"ÉÚï�,É�$ 3 f : (X; x0)! (Y; y0) is a homeomorphism.

) f] : �(X; x0)! �(Y; y0) is an isomorphism.

2


