
Homotopy Invariance(Preliminary version)

�,É�$ 1 f; g : (X; x0)! (Y; y0) and f ' g relative to x0.

) f] = g]: �(X; x0)! �(Y; y0).

ÐÚò�-É F(x,t) ÉÚê f �� g �"�$¥ homotopy �" !"�/», G(x,t)=F(�(x); t)ÁÆç f Æ � ��

g Æ � �"�$¥ homotopyÉÚê ÐØ�". �"�"�)

f](f�g) = ff Æ �g = fg Æ �g = g](f�g).

�"ÉÚï�,É�$ 2 f : (X; x0)! (Y; y0); g : (Y; y0)! (X; x0) and

g Æ f ' 1X relative to x0; f Æ g ' 1Y relative to y0.

) f] = (g])
�1 : �1(X; x0)! �1(Y; y0) is an isomorphism.

�,É¥ 1 X is homotopy equivalent to Y (or X has the same homotopy type as

Y), denoted by X'Y,

if 9f : X ! Y and g : Y ! X such that f Æ g ' 1Y and g Æ f ' 1X.

In this case f is called a homotopy equivalence.

�"�"�) ´$ �"ÉÚï�,É �$ 2ÁÆç �1 �$ homotopy ( base point x0 ÉÚê _fÐÔç!"ÁÆç ) equivalent

!~Ñ ¼¾òÆ%»ÇÚê9L 4@?@ Æ"Í �"ÁÆç Æ.Ç ÏÚê _f�*ÐØ�".

Example. R2
n f0g ' S1:

f(x) = x
jxj

; g = inclusion chim |��/» f Æ g = 1Y �$UW

g Æ f ÁÆç F (x; t) = (1� t)x + t x
jxj
9L ¥?@ 1X �� homotopic!"�".

ÍÖä:L 4.

1. Rn
n f0g ' Sn�1:

2. ' is an equivalence relation.

3. M�obius band �� annulus ÁÆç homotopy type �$ Æ"Í ÏÚçÆ"?

4. T 2 n fpointg ' �gure eight.
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