
Homotopy invariance(general version)

�,É�$ 1 If f ' g : X ! Y , then the following diagram

f]

�1(X; x0)! �1(Y; f(x0))

g] & # �� commutes,

�1(Y; g(x0))

where �(t) := F (x0; t) and F is a homotopy between f and g.

ÐÚò�-É �� Æ f] = g] �$Ä ÏÚê _f�$�".

ÐÚä, ��1 � (f Æ �) � � � g Æ � ÉÚê |�ÁÆç homotopy ÉÚê �|Ých�/» m�Ñ�".

**U[�$Ä 1,2**

t�ÑÑÔä U[�$Ä9L�) boundary condition ÏÚê �%»ÐÔä!"ÁÆç homotopy �%» �|Ých�/» Ǳ$^him �.»

�) U[�$Ä 1¥ boundary ÉÚê U[�$Ä 2¥ boundary9L �"Ê2L shrink�$�'» � boundary�"

�$¥ map ÏÚê extend�$�$�/» m�Ñ�". ÐÚä ��Ñ!"ÁÆç homotopy ¥ ÐÔç:@�,ÉÏÚç �$¿�%»�,¸chim

map � : @D2
! @D2 ÉÚê � : D2

! D2 im extend�$ �$¿ {� �$È�"ÁÆç �"�$¿im��') ÐÚò�-É

m�Ñ�". (9MÉÚê ÇÚê�) radial extension�$ �$È�".) �"�"�)

�� id F

I � I ! X � I ! Y 9L 4@?@ F Æ (�� id) Æ � Æ" ��Ñ!"ÁÆç homotopyÉÚê

ÐØ�".

�,É�$ 2 X,Y are path connected. X'Y ) �1(X) �= �1(Y ).

More precisely, if f : X ! Y is a homotopy equivalence, then

f] : �1(X; x0)! �1(Y; f(x0)) is an isomorphism.

ÐÚò�-É Let g be a homotopy inverse of f : X! Y ; i.e., gÆf ' idX and fÆg ' idY .

**U[�$Ä**

idX ' g Æ f �"�$¥ homotopy ÇÔò�%»¥ x0¥ pathÉÚê � �" x��".
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U[&)�/» �"Î¥ �,É�$9L ¥?@ �"ÏÚï diagram,

(g Æ f)]

�1(X; x0) ! �1(X; (g Æ f)(x0))

id] & " ��

�1(X; x0)

�$ commute!"̂him �� Æ id] = (g Æ f)] : �1(X; x0) ! �1(X; (g Æ f)(x0)). �"

�"�) �� = g] Æ f] �$UW �� ÁÆç isomorphism ÐÚä onto �$^him g] : �1(Y; f(x0)) !

�1(X; (g Æ f)(x0)) �- �̧$ onto �$�". (�*Æ$�) f] : �1(X; x0)! �1(Y; f(x0)):)

�$�.»9LÁÆç g Æ f 4@�'»9L f Æ g 9L 4@!"�* �"�~ÑÆ"�$im !"�/» �� = f] Æ g] �-¸�$ iso-

morphism ÐÚä 1-1 �$^him g] : �1(Y; f(x0) ! �1(X; (g Æ f)(x0))ÏÚç 1-1�$ m�Ñ�".

(�*Æ$�)¥ f] ÏÚç f] : �1(X; g Æ f(x0)) ! �1(Y; f(g Æ f(x0))) �$ Ǳ$�) ´$ ÊØ�%»

¥ f] ��ÁÆç �"io�".) �"�"�) g] ÏÚç isomorphism �$ m�Ñ�". �"�"�) ´$ ÊØ�%»9L�)¥

f] : �1(X; x0)! �1(Y; f(x0)) ÏÚç isomorphism �$ m�Ñ�".
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