
De�nitions and Examples

Assumption. All the spaces in this chapter are path connected and locally

path connected.

����� 1 Let p : eX ! X. eX is a covering space of X with a covering map p if

(1) p is onto and

(2) each x 2X has a neighborhood U which is evenly covered, i.e.,

p�1(U) =
a
a2A

Va is a disjoint union of open sets Va of eX such that

pjVa : Va ! U is a homeomorphism , 8 a 2 A.

������ ������� x 2 X�� �	
� p�1(x) ��� discrete���.

Examples.

1 . id : X ! X.

2 . p : R ! S1(� C) given by p(x) = e2�ix.
3 . p : S1 ! S1 given by p(z) = zn.

���� ��	�� p�1�� image�� n ����� �������� n-sheeted covering �����	 n-fold cov-
ering ������ ��
�	�.
4 . p : Sn ! P n = Sn= �.

������� quotient map p��� covering map���
������ two fold covering(double

covering) �� ����.

5 . p : R2
! T 2 = S1 � S1 given by (x; y) 7! (e2�ix; e2�iy).

Excercise. If p : eX ! X , q : eY ! Y are covering maps, then

p� q : eX � eY ! X � Y is also a covering map. (�� 2����� 5������� ��� �� ���

�)

6 . non-covering

� ��� 1
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p��� local homeomorphism��	�
!��� covering map��	�����	�
�.(��� �����?)

7 . (�gure eight, torus ����� n-fold covering.)

� ��� 2

8 . M�obius band �� double covering ��	 annulus �� �
�� 3-fold covering��	

�"� M�obius band �� ����. ��	��	 �����#$%& Klien bottle�� double covering��	
torus�� ����. ���������#$%& ������� ����������.

Note.

1 . M is a manifold ) fM is also a manifold.

(������) ��� x 2 fM�� �	
� p(x) 2 M �� coordinate chart (U,') ��� ��!���, '(

�	� p(x) ��� evenly cover �
��� neighborhood V ��� ��
���. �� )* U\V �� �	


� p�1(U \ V )��� ������
� +&���, �� �	� x��� ,-�������� U \ V�� copy�� ����� ��
copy�� ' Æ p�� x�� coordinate chart ��� �
	�.

Excercise. If M is a C1-manifold ) fM is also a C1-manifold .

2 . M is orientable ) fM is also orientable.

(������) ���./ fM�� ��� ��� x�� orientation��� 0�1�. fM�� orientation ��	 local

homeomorphism p ��� �������23 p(x)�� orientaion��� � �	%& ��45� ����. � 

67��� ��� x 2 fM�� �	
� orientation�� locally constant�� �
��� p(x)�� ������ U
��� ������ �� �����, '(�	� p(x)���� evenly cover �
��� V��� ������ �� ����. �� )*

p�1(U \V ) =
a
a2A

Wa �	� x���,-��������Wa���� orientation��	 p����
� U \V��
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orientation�� ��	#$8$%& locally constant���.

����� 7.

Every non-orientable manifold has an orientable double covering manifold.

3 . M is a compact manifold, p is a �nite covering ) fM is compact.

4 . M�� orientable���� genus ��� g�� ��
�� �����, ���� ��
�	 fM��� ���95+&1�.

���� :	����� ���� fM��� ���"� orientable��8$%& ��� ������ fM��� �������� �� ���
�. � ���;< fM�� n-fold����� M�� triangulation��� fM ��%&���=���� V,E,F >(?�

n@����
8$%& ����"� n@�������.A�����	������#$%&M�� non-orientable���)*

��� orientable double covering fM�����!�8$%&M#$%&��B/ fM�����������������.
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