
Unique Path Lifting

Ça�h� 1 (Unique path lifting property)

Let p : X̃ → X be a covering map and let α : I → X be a path with α(0) =
x0 ∈ X and p(x̃0) = x0. Then α has a unique path lifting α̃ : I → X with
α̃(0) = x̃0 i.e., p ◦ α̃(t) = α(t). ∀ t ∈ I.

¤� ÃZ� (Existence)
For each t, α(t) ∈ X has an open neighborhood Ut which is evenly covered by∐
a∈A

Vt,a . Since I=[0,1] is compact, we can choose a Lebesgue number ε > 0 for

a cover {α−1(Ut)|t ∈ I} of I. Choose partition of I,
0 = t0 < t1 < ... < tn+1 = 1 so that ti+1 − ti < ε, i = 1, ...n.
Then note that α[ti, ti+1] ⊂ Ut for some t and we lift α|[ti,ti+1] inductively :
Suppose α|[t0,ti] is already lifted (note that the initial point x0 is lifted to x̃0).

Then α[ti, ti+1] ⊂ Ut for some t and p−1(Ut) =
∐
a∈A

Vt,a and there exists a unique

a ∈ A such that α̃(ti) ∈ Vt,a .
And since p|Vt,a : Vt,a → Ut is homeomorphism we can lift α|[ti,ti+1] using
(p|Vt,a)

−1 and the proof is completed.

(Uniqueness)
Suppose p ◦ α̃i = α and α̃i(0) = x̃0 i = 1, 2. Then we show that J = {t ∈
I|α̃1(t) = α̃2(t)} is open and closed non-empty set :
1 . (J is non-empty) : x0 ∈ I.
2 . (J is open) : t ∈ J\� @/K� α(t) ∈ X��H evenly cover÷&��H U\�¦ ��t��¦
p−1(U) =

∐
Va \�"f α̃i(t)\�¦�í�<Ê
���H Va��HÄ»{9�
���.Õªo��¦ Va \�"f��H p��

homeomorphisms�Ù¼�Ð α̃1 = (p|Va)
−1 ◦ α = α̃2 on (t − ε, t + ε) s���. ����"f

∃ ε > 0 such that (t− ε, t + ε) ∈ J .
3 . (J is closed) : J c = {t ∈ I|α̃1(t) 6= α̃2(t)}s� open e���̀¦ �Ðs���.
α̃1(t) 6= α̃2(t) for some t ∈ I �����, α(t) \� @/K� evenly cover÷&��H U �� �>rF�
K�"f p−1(U) =

∐
Va s���. Õªo��¦ y�� α̃i(t)ü< ëß�����H Va1 , Va2 �� Ä»{9�
�>� �>r

F�
��¦, Va1 6= Va2 s���. 7£¤ α̃1(t− ε, t + ε) ⊂ Va1 , α̃2(t− ε, t + ε) ⊂ Va2 \�¦ ëß�

7á¤
���H ε > 0 s� �>rF�ô�Ç��. ����"f J c
��H opens���.

I��H connected s�Ù¼�Ð 0A 1,2,3, \� _�K� J = I s���. ����"f I ?/ÂÒ ����̂\�"f
α̃1 = α̃2 s���.

Remark. (Uniqueness of lifting) Y�� connected s��¦ f : (Y, y0) → (X, x0)

�� lifting f̃ : (Y, y0) → (X̃, x̃0)\�¦ ��t����, s���H unique
���.
(7£x"î
) Y_� connectedness \�¦ s�6 x, 0A &ñ
o�_� 7£x"î
\�"f I @/��� Y \�¦ +�"f >á¤
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°ú s� 
���� �)a��.

Ça�h� 2 (Lifting of homotopy of paths.)

Let p : (X̃, x̃0) → (X, x0) be a covering space. And α : I → X with α(0) = x0

and F : α ' β be a homotopy between α and β. Then ∃! F̃ : I × I → X̃ such
that p ◦ F̃ = F and F̃ (0, 0) = x̃0.

In particular, F̃ gives a homotopy between α̃ = F0 and β̃ = F1.
Furthermore (1)if F keeps initial point x0 fixed, i.e., F (0, u) = x0 ∀u ∈ I, then

F̃ keeps initial point x̃0 fixed,
and (2)if F keeps end points α(0) = β(0) and α(1) = β(1) fixed, then

F̃ keeps end points α̃(0) = β̃(0) and α̃(1) = β̃(1) fixed.

¤� ÃZ� s� 7£x"î
 %i�r� �>rF�$í
ëß� �Ðs����, Ä»{9�$í
�Ér I2_� connectedness\� _�K� �Ð
�©��)a��.
For each (t, u), F (t, u) has an open neighborhood U(t,u) which is evenly covered

by p−1(U(t,u)) =
∐
a∈A

V(t,u), a . Choose a Lebesgue number ε > 0 for a cover

{F−1(U(t,u)) | (t, u) ∈ I × I } for compact I × I. Choose a partition
0 = t0 < t1 < · · · < tn+1 = 1 with ti+1 − ti < ε

2

0 = u0 < u1 < · · · < un+1 = 1 with ui+1 − ui < ε
2

so that
each [ti, ti+1]× [ui, ui+1] ⊂ F−1(U(t,u)) for some (t, u).
As in Theorem 1, F is defined inductively starting from [t0, t1]× [u0, u1] so that
F (0, 0) = x̃0 ∈ V(0,0), α using the homeomorphism p|V(0.0), a

: V(0,0), a → U(0,0).
Then lift F |[t1,t2]×[u0,u1] , · · · , F |[tn,tn+1]×[u0,u1] successively as before to obtain
a lifting of F |[0,1]×[u0,u1] .
Now lift F |[0,1]×[u1,u2] using the already lifted portion as above, and lift F |I×[u2,u3]

, · · · etc., finally to get a lifting F̃ : [0, 1]× [0, 1] → X̃.
0A&ñ
o�_� (1)õ� (2)��H lifting_� uniqueness\�_�K�"f constant map_� lifting�Ér
constant map{9� Ãº µ1Ú\� \O�Ü¼Ù¼�Ð $í
wn�ô�Ç��.

Exercise. F̃ �� ���5Åqe���̀¦ �Ð#���.
(Hint) X = A ∪B, A and B both closed(or open) in X �����
f : X → Y \�"f f |A and f |B �� ���5Åqs���� f��H ���5Åqe���̀¦ �Ð���Êê s�\�¦ s�6 x
�
��.

����̧Ça�h� 3 α ∼ β ⇒ α̃ ∼ β̃.
#�l�"f α, β��H X_� path[þts��¦ α̃,β̃��H °ú �Ér initial point\�¦ ��t���H lifting [þts�
��.
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