Unique Path Lifting

A-l 1 (Unique path lifting property)
Let p : X = X bea covering map and let o : I — X be a path with «(0) =
xo € X and p(xy) = xo. Then a has a unique path lifting & : [ — X with
a(0) =zg i.e., poa(t) =at). Vit el

%% (Ewistence)
For each t, a(t) € X has an open neighborhood U; which is evenly covered by

HV},a . Since I=[0,1] is compact, we can choose a Lebesgue number € > 0 for

acA
a cover {a~H(Uy)|t € I} of I. Choose partition of I,

0=ty <t; <. <tn+1—1 Sothattl+1 t; < e, 2—1

Then note that aft;, t;11] C U, for some t and we lift oy, 4, 1nductively ;
Suppose |, +,] is already lifted (note that the initial point x is lifted to o).
Then alt;, t;+1] C U; for some t and p~(Uy) = HVW and there exists a unique

acA
a € A such that a(t;) € Vi, .

And since ply,, @ Via — Ui
(plv,..)~" and the proof is completed.

[tistit1] using

(Uniqueness)

Suppose po d; = a and @;(0) = zo ¢ = 1,2. Then we show that J = {t €
Ilag(t) = az(t)} is open and closed non-empty set :

1. (J is non-empty) : x € I.

2. (Jisopen): t € Jol thall at) € X+ evenly covers= UE 7FA AL
pH(U) =11 Va °IA 55@()%}—?: St= Vo sttt 28] V, ol A= p7t
homeomorphism©| 22 oy = (p|ly,) ' oa = a3 on (t —¢,t +¢€) o]t} we}A
de > 0 such that (t —e,t+¢€) € J.
3. (Jisclosed) : Je={t € I|lai(t) # as(t)}©] open Y= Ho]A}.

aq(t) # N( ) for some t € T 2}, «(t) o 3l evenly cover®]+= U 7} 23
A p~H(U) = HV Itk el 7kt (t)2F "= Vi, Vo, 74 FE8HAl &
AL, Vo, # Vo, ©1Th S aq(t —e,t+e) CV,, , azx(t —e,t+¢€) CV,, & T
Z3k= ¢ > 0 o] TAT} wEbA J¢ = open©] T

I+ connected o222 9] 1,2,3, o] o]l J =1 o|t}. wabA I ujF 2 A o A
ar = otk O
Remark. (Uniqueness of lifting) Y7} connected ©]3L f : (Y,yo) — (X, x0)
7} lifting f ¢ (Y, y0) — (X, o) S 7FA 9, ©]= uniqued}t}.

(™) Y9 connectedness & ©]-§, ¥ B9 SHoAA I Al Y & HA =

1



A2 2 (Lifting of homotopy of paths.)

Let p : (X, Zy) — (X, x) be a covering space. And o : I — X with a(0) = o

and F': o~ 3 be a homotopy between o and 3. Then 3! F:IxI— X such

that po F = FandF(O 0) = zo.

In particular, F gives a homotopy between o = Fy and ﬁ Fy.

Furthermore (1)if F keeps initial point xy fized, i.e., F'(0,u) = xo Yu € I, then
F keeps initial point xo fized,

and (2)if F keeps end points a(0) = B(0) and a( )= ﬂ( ) fized, then
F keeps end points af(\(T) = éz/()) and a(l) = ﬁ( ) fized.
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For each (t u) F(t,u) has an open neighborhood Uy, which is evenly covered

by p~! HVtu «- Choose a Lebesgue number ¢ > 0 for a cover
acA

{Ffl(U(m)) | (t,u) € I x I } for compact I x I. Choose a partition

0=ty <ty <-- <ty =1witht;, —1; <3

0=wug <up <---<uUpy1 =1 with u;y1 —u; <5 so that

each [t;, ti41] X [us, uip1] C F71(Up) for some (¢, u).

As in Theorem 1, F' is defined inductively starting from [tg, t1] X [ug, u1] so that
F(0,0) = 75 € V{o,), using the homeomorphism 10|V(00 : Vo,0),a = U,0)-
Then Lift Fu, o)xfuosun] > s F ltn tsr]x [uo,u] successwely as before to obtain
a lifting of F’[O,l]x[uo,ul} .

Now Lift F'[j0,1]x[uy,us) Using the already lifted portion as above, and lift F| 7, [u,us]
, -+ - ete., finally to get a lifting F : [0,1] x [0,1] — X.

A A9 (1) (2)+= lifting2] uniqueness®l €] 3l A constant map?] lifting-=
constant map g = wholl gloe =z A3} 0

Exercise. F 7} 949< Wz},

(Hint) X = AU B, A and B both closed(or open) in X 2}

[ X =Y oA flaand flp 7F AFo]d f& dEAS BHAF o] & o]&st
2}

g 3 a~f=a~b
o] 71 A a, B+ X9 path= ]2 a,f+ 22 initial pointE 7FX]+= lifting = ©]
C}.



