
Applications

Fundamental theorem of algebra :
f(z) = zn + an−1z

n−1 + · · ·+ a1z + a0 = 0 has at least one zero.(z, ai ∈ C)

¤� ÃZ� ���$� |an−1| + |an−2| + · · · + |a0| < 1 s����¦ ��&ñ
K��̧ a%~��. �=��
����,
z = λx(λ > 0) Ü¼�Ð Z�~�¦ f(z) \�¦ λnÜ¼�Ð ��¾º���

xn + an−1

λ
xn−1 + · · ·+ a1

λn−1 x + a0

λn = 0
s� ÷&Ù¼�Ð, |an−1

λ
|+ · · ·+ | a0

λn | < 1 �̀¦ ëß�7á¤
���H 	�H λ \�¦ ú̧�Ü¼��� �)a��.

s�]j f(z)�� ��H�̀¦ ��t�t� ·ú§��H���¦ ��&ñ

���. Õª�Q��� f : C → C \ {0} s��¦,
k(z) = zn : S1 → S1 \� @/K� f |S1 ' k : S1(⊂ C) → C \ {0} e���̀¦ �Ðs���.
Define F (z, t) = zn + t(an−1z

n−1 + · · ·+ a0), 0 ≤ t ≤ 1.
���$� F�� C \ {0} Ü¼�Ð ����Ht�\�¦ �Ðs���. 0 ≤ t ≤ 1 , |z| = 1 s��¦ 0A\�"f
|an−1|+ |an−2|+ · · ·+ |a0| < 1e���̀¦ ��&ñ

�%i�Ü¼Ù¼�Ð
|F (z, t)| ≥ |z|n − t | an−1z

n−1 + · · ·a0 |
≥ |z|n − t( |an−1z

n−1|+ · · ·+ |a0| )
= 1− t(|an−1|+ |an−2|+ · · ·|a0|)
> 0

s��¦, s���H f |S1 ü< k çß�\� homotopy\�¦ ï�r��.

s�]j ��6£§ diagram �̀¦ ¶ú�(R�Ð���,
f p

S1 ↪→ C → C \ {0} → S1 where p : z 7→ z
|z| .

S1\�"f C \ {0} Ü¼�Ð ����H map f |S1ü< k \� @/K� f |S1 ' k s��¦, p ◦ k = k
s�Ù¼�Ð p ◦ f |S1 = g ���¦ Z�~��¤�̀¦ M: g = p ◦ f |S1 ' p ◦ k = k s���. ����"f
g] = k] : π1(S

1) → π1(S
1) ���X<, f��H D2�Ð extend ÷&Ù¼�Ð g %i�r� ��ðøÍ��t�s�

��. 7£¤ g] = 0 ���X< ìøÍK� k] : Z → Z ��H nC� K�ÅÒ��H homomorphisms�#Q"f s�
��H �̧í�Hs� �)a��.

Ça�h� 1 (Existence of ”����”)
Let f : D2 → R2 be a non-vanishing continuous vector field. Then ∃ a point
of S1 where f is directly inward, i.e., f(x) · x < 0.(Similarly ∃ a point of S1

where f is directly outward, i.e., f(x) · x > 0)

¤� ÃZ� inward point�� \O����¦ ��&ñ

���. 7£¤ f(x) · x ≥ 0, ∀x ∈ S1 s����¦ ½+É M:

Define F (x, t) : S1 × I → R2 \ {0} by F (x, t) = tf(x) + (1− t)x.
(1) F �� ú̧� &ñ
_�÷&%3�6£§�̀¦ �Ðs���. 7£¤, F�� 0s� ÷&t� ·ú§6£§�̀¦ �Ðs���.
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ëß�{9� tf(x) + (1− t)x = 0s������,
| tf(x) + (1− t)x|2 = t2|f(x)|2 + 2tx(1− t)f(x) + (t− 1)2|x|2 = 0
�̀¦ëß�7á¤
��¦,#�l�"fy���½Ós� �̧¿º 0�Ð��ß¼����°ú Ü¼Ù¼�Ð �̧¿º 0s�÷&#Q��ô�Ç
��. |x| = 1s�Ù¼�Ð t = 1s��¦,����"f f(x) = 0s�Ù¼�Ðs���H f�� non-vanishing
s�����HX<\� �̧í�Hs���. Õªo��¦ F (x, 0) = x, F (x, 1) = f(x) s�Ù¼�Ð F��H xü<
f(x) ��s�_� homotopy\�¦ ï�r��.

(2) F p
S1 × I → R2 \ {0} → S1

s�Ù¼�Ð p ◦ inclusion = id ' p ◦ f : S1 → S1 s���. 
�t�ëß� f��H "é¶A� D2�Ð

extensions� ��0px
�Ù¼�Ð p ◦ f %i�r� ��0px
��¦ ����"f (p ◦ f)] = 0 s���. 7£¤
id = 0 : Z → Zs�Ù¼�Ð s���H �̧í�Hs���.
”outward point”_� �â
Äº\���H f@/��� −f\�¦ æ¼��� �)a��.

Ça�h� 2 @ non-vanishing continuous vector field on S2.

¤� ÃZ� ���$� nonvanishing vector field�� S20A\� �>rF�ô�Ç���¦ ��&ñ

���. S2�©�

_� ·¡¤�FG N\�"f_� vector v\�¦ Òqty��
���� ���5Åqs�����H �̧|	�\�"f vü< ��_� °ú �Ér
vector\�¦ ��t���H N_� &h�{©�ô�Ç ��H~½Ós� �>rF�ô�Ç��.
s�]j S2\�¦ R2�Ð stereographic projection�̀¦ ô�Ç��. Õª�Q��� D2�©�_� nonvanish-
ing vector field\�¦ %3���HX< s��¦̀�	כ ��l������_� U�́s��Ð ��¾º#Q %3�#Qt���H unit
vector field\�¦ f�� ¿º��� ��6£§ ÕªaË>\�"f f��H z\�¦ z2 Ü¼�Ð �Ð?/��H mapõ� ho-
motopic�<Ê�̀¦ ·ú� Ãº e���¦, ����"f f]�Ér ×2�Ð ÅÒ#Qt���H maps���. 
�t�ëß� f��H
f |S1 : S1 → S1\�"f D2 �Ð SX��©�÷&Ù¼�Ð f] = 0 s��¦, s���H �̧í�Hs���.

**ÕªaË>3**
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