
�1-action on p
�1(x)

Let G be a group acting on a set X on the left, i.e.,

9 � : G�X ! X such that (1) (g � h) � x = g � (h � x), (2) e � x = x,

where e is an identity in G.

Note. � induces a homomorphism : G! Perm(X).

Orbit of x = G(x) = G � x = fg � x j g 2 Gg ,

Isotropy subgroup at x = Gx = fg 2 G j gx = xg �� ���� �����	
 �����������.

9 a bijection � : G=Gx ! G � x :

(������)De�ne  : G! G � x by g 7! gx. 	
 ��,  �1(g � x) = gGx������ 
�	
��.

����	
 h � x = g � x�����,

, (g�1
h)x = x

, g
�1
h 2 Gx

, h 2 gGx .

������  	�
 bijection � : G=Gx ! G � x ��� ��
��.

If the action is transitive, i.e., G � x = X for some x 2 X, then G=Gx ' X.

(	
 �� X��� homogeneous���� ���� �����.)

Note. Ggx = gGxg
�1.
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(1) ex0(f�gf�g) = ( ex0f�g)f�g.

(2) ex0 � 1 = ex0.
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1 . �1-action is transitive.:

X = p
�1(x0)�� ���� �1-action 	
 transitive������ 
�'()* ��+���, ������� ex0
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p
�1(x0) �� ���� ex0 � � = ex0
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2 . Isotropy subgroup at ex0 = p]�1( eX; ex0):
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(������)(�)Isotropy subgroup at ex0	�
 ex0f�g = ex0��� ��������	�
 f�g���	
+���

e�
fx0
(1) = ex0��� ���������� ������ e�	�
 loop#� �����. fe�g 2 �1( eX; ex0) ���� ���

����� p] ��� ������� f�g = p]fe�g 2 p]�1( eX; ex0) 	
 �����.

(�) ������� f�g 2 p]�1( eX; ex0)��� �	���. -./0��� '0��� f�
0

g 2 �1( eX; ex0)�� ����

p](f�
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g) = f�g 	
��. 	
 ��, ��� lifting��� e� �� !"���

p]f
e�g = fp Æ e�g = f�g = p]f�
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���������� 1 p
�1(x0)��
 p]�1( eX; ex0) n �1(X; x0) 3� 1-1 correspondence ��� #��
�

��.

���������� 2 The cardinality of p
�1

(= jp
�1(x)j) is constant, 8 x 2 X.
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� ����כ� p Æ � �� !"��. -./0��� ����� diagram 	
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��

�1( eX; ex0) ! �1( eX; ex1)

p] # # p] diagram (�)'

�1(X; x0) ! �1(X; x1)

�pÆ�

������ p]�1( eX; ex0) n �1(X; x0) 3� p]�1( eX; ex1) n �1(X; x1)��
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3� cardinality #� �	
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������ jp
�1(x0)j = jp

�1(x1)j 	
 �����������.

 ��>
 jp
�1(x)j = n �
� ���<", p : eX ! X ��� n-sheeted(n-fold) covering 	
����

?���
��.

����� 1 (1) A path connected space X is simply connected if �1(X) = 1.

(2) p : eX ! X is called a universal covering if eX is simply connected.
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���������� 3 If p : eX ! X is a universal covering, then jp
�1(x)j = j�1(X; x)j

���������� 4 If X is simply connected , then p : eX ! X is a homeomorphism.

������ �1(X; x)	
 trivial	
+��� -.�� subgroup �
� p]�1( eX; ex0) ����
 trivial��

��. ������ jp
�1(x)j = j�1(X; x)j = 1 	
 &�'0 p 	�
 1-1 	
 �����. ���B� covering

map p 	�
 onto, continuous, open map	
�����+��� p	�
 homeomorphism 	
 ���

��.
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