Deck transformation

GZE covering p : X — X9 deck transformation group ©|2}al FX}. o] ujj t}
& = X7k AR e,
1. G acts on X on the left.
g: X - X
z—g-z=g(z)and (go f)(z) = g(f(x)).
2. And the action is free, i.e., Vg #1, g(z) #7 ,VT € X .

( Or equivalently, Gz = {1} , Vz € X.)
k:

o|N

g
(X,7) — (X,7)
PN S
(X, z)
9 diagram oA g& p9 lifting(ZF morphism) o2 & 4 Q13 id map® 75
T2 B U= morphism©o| 22 Uniqueness of morphism(lifting) | &3l g = id
7h "

O

Note.(Uniqueness) ©] AHIZRE F719] deck transformation g2} h 7} 3t
point xol|A LA, g2} he mapl 2 A &A3] Zolof sitf= A & &
9t

G action on X= G action on pl(x) & F31 o] A FA freeoltd. 2| 2o
A AZFE right action of 71 (X, z) on p~'(z)& ThA] B2} 218H

HA 1 Two actions commute, i.e., g(T-{a}) = g(Z)-{a} forVz,V{a},Vyg.
EERELE

po(god) = pod S|BE goat (goa)(0) = g(@IA (god)(1) = g(F-{a})=
7H= o] lifting o] Btk 2T g(@) - {a} = (g0 A)(1) IBE ¢(&- {a}) =



g(z) -{a}e] Aot 0

WA 2 Letp: X — X be a covering and T, 7 € p~Y(x). Then

dg € G such that g(z) =7

& pm (X, T) = pym (X, 7)

&7 =7 {a}, {a} € N(pym (X, 7).

oA 71 7 (X, 2) 2] subgroup Holl tisl, N(H)+= H<] normalizer]T}.
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HA equivalences= oA Bl Aol QJi1, FHA] equivalenceE 5 3HA.

=) dHtE o g 28} /& 9= path & pEl & u 7r1(X T) ¢ 7r1(X 1) Abo]
o isomorphism ¢, 7} A8t} o] p & W™ m (X, z)del A loop 7} = a1
o] loop po pZ ot $2. 289 {a} € m(X,7) with @ = 7 - {a} o T3]
{a}pﬁm(f(,f’){a}*l = pﬁﬁl()N(,%) ojt}. 1™ pﬁm()N(,E) = pﬁm()N(,f’) o]
B2 {a}pm(X,7){a} ! = pym(X,7) o Hol {a} € N(pymi(X,7)) ©] A}

2
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(<) {a} € N(pmi (X, 7)) 1" )
pﬁﬂ-l()f’ f/) = {a}iipﬁﬂ-l (X7 5){05} = Py (Xv %) olm=Z
pymi (X, z) = pymi (X, 7).

H BANA Bz ¢ & AZel HAt
o N(pﬁﬁl()z,i)) -G, g.(v)=7 =7 -{a}.
{a}  —4a

1. ¢ is a homomorphism.
($7) gap = ga 0 gs = HOIAL.
m action®} deck transformation group G action®] commute 32 Z

9a(T - {B}) = 9a(7) - {8} = (z - {a}) - {8} =7 - ({aH{B}) = gas(@).
b & Noteo| Al A33F deck transformation®] uniquenessol] &3l g.5 =
9o © gs °ITF



2. ¢ is onto.

(T7)9ele Folx g € Goll thall 27 = g(7) 2t FAF. LAl pE 7oA 77 =
7= pathel 2k 229 loop o = p o poll thalf A 200 oJs 7’ = z - {a}
{a} € N(pm (X, 7))°] Ak

3. ker ¢ = pﬁm(f(,f).

(579)%2 o({a}) = id 2hdl g, =id o)

T-{a} =g.(7) =7 o]BZ {a} Epﬁﬂl()?,?c“)ollil-. do = {a} e pﬁﬂl()?,'f)ol
W g,(7) =7 - {a} = T°] 3L uniqueness® &3 g, = id°|Tt}.

99] 1,2,3 ol o3l e WEA 7} Aol L),

wEge] 3 G = Npm (X, 7))/ pm (X, 7).

HW. 9] ¢Z FH induce® isomorphism 6 : N (pym ()~(, 7)),/ pym (5575) — G+
base point 79| dependdtt}. base point7} B2} W] o2 A dE}A]=X] v
e},

E

E3] pﬁm(X 7) 7} m (X, z) ¢ normal subgroup?l 74-%, th=o] A Hstr}.

w=Aa 4 Letp: X — X bea reqular covering. Then G = m (X, x)/pﬁm()?, z).
)31 o] AL p~Y(x) 2} 1-1 correspondence & ZFZITE.

(5 1) m-action ] WEA 7] 194 1-1 correspondence 7} & H I}

w2 A 5 Let p: X — X be a universal covering. Then G = m (X, ).

Zzn X 7} simply connected o] 22 7y (X ) =1 o] Ht}. uz}A pﬁm(X 7)=1
o] Ha1, o]+ A3 7 (X, x)e] normal subgroupo] EE2Z
G = N(pym(X, 7)),/ pemi (X, 7)
= m(X,z),/pym (X, T)
(X

=m (X, z).



Q. gor= AA AT mapA7}F?

W=2Aa 6 p: X — X isa reqular covering < G action on p~'(x) is transi-

tive.

29 (=)ol" 7ol el G- 7 =p i(z) & ©F5TL Hold A},

p7}F regular covering©] N(pﬁm()?,’a? ) = m((X,z)olm2 oo ¥ €
pi(z)ol 3 oA FE 7= path pE ot a = pop B FA BA| 29
FHA equivalencedl] &3 g-T =7 & Vo= g € G 7F SATT

(<) G action on p~!(x) is transitive3t2 2 d2] o] zoll 3l G-7=p~(z) &
=3ttt 499 {a} € m (X, x)o 3l 7 =7 - {a} B} T transitivityol] <]
8 g(7) = 75 WEFE g7 SATT TebA BA 28] TR equivalence]
oo {a} € N(pm(X.7) oItk Al o m(X,2) = Nipm (X,7))oln
Py ()Af, 7)< normal subgroup ©]T}.

O
HW. ”Figure eight” ¢] regular covering} non-regular covering< constructa}

2},



