11.4 Existence of covering spaces

1. Existence of a covering space assuming the existence of a universal
covering space.

(X.7)
| p: a universal covering with a deck transformation group G = m (X, )
(X, z)
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where Xy = H\ X with Ty (X, %) =0~ (H) and the quotient map q and
the induced map r become covering maps.
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2. Existence of a universal covering space.

Idea : the set of homotopy classes of paths from x to y

= p~(y) € X , universal covering , via [a] < @(1)

9] 1 A space X is said to be semilocally simply connected if for each
x € X, there is a neighborhood U of x such that the homomorphism

iy : (U, z) — m (X, z)
induced by inclusion is trivial.

Assume that X is path-connected, locally path-connected and semilocally sim-

ply connected.
Let (Pz) ={a: I — X |a(0) =z}

Define X = (Pz)/ ~ (recallao ~ < a~ freld) and p: X — X by
p([a]) = a(1)

Topology of X

For o € (P, x) and open set U with (1) € U, let (o, U) := {axd/|o/ : [ - U
with o/(0) = a(1)}/ ~ C X.

ojluf R y=a(l) € X t3dll, UE path-connected , semilocally simply
connected neighborhood of y(= «(1)) 2+aL 39 p|: (o, U) — U+ onto ©] 2L
one-to-one ©| T}

O] A| p7} evenly covered Y& RolA = p 1 (U) = ] (a,U):

(0, U) N (B,U) 2 &2 33
& (0,U) N (5, U)o th3ke] o/ 2} 3/ 7F 2 A3
axa ~y~ %

= axd*xa ~ Bxa xa(. U7} semilocally simply connected®] 22

Bx B ~ Bxa)



= a~f
(@, U)N(BU) # 2 = (a,U) = (B,U)

Take {(c, U)|U : open neighborhood of a(1), o € (P, z)} as a base for a topol-
ogy of X.
Check B
1. U(a, U) = X (obvious)
2. y€ (a,U)N (B, V)

= AW C U NV such that (y,W) C (a,U) N (B, V) o371 W+ path-
connected neighborhood of ~(1)°]3l U7} semilocally simply connected ©] 2
2 subset WX u}ZF7FA] (obvious)

X7} path-connected & H o] A}

Aol [a] € X HsA a,(t) = a(st)2tal 3 a, = afl z(constant
path)E Sl patho]t}. o 71 A a(s) := (a3t A3t a(0) = [z],a(1) =
(] 7F 5 o] [a]$} [z]+= path 2 A ZE T} (exercise : & is continuous)

upxjeto 7 X7} simply connected & H ©] A}

Let 7 be a loop in (X, Z), where Z = [z]
= a:=poTisaloopin X anda=r71
=la=al)=71)=z] = a~z = 717~z 1

U—]—-E—@ﬁ] 2 VH < m(X,z),3 a covering space ()?, T) corresponding to H , i.e.
pym (X7 EZ) =H

Remark
1. Universal covering is "universal”, i.e. it covers every other covering by lift-
ing theorem and universal covering is clearly unique up to isomorphism.

2. X has a universal covering.
= X is semilocally simply connected.
m(U,7) — m(X,7) =0
=lp O lp
mUz) — m(X, )
2 %8 gas,
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Let (G, e) be a topological group and p : (G, €) — (G, e) be a covering. Then
we can lift the group structure of G to G so that p becomes a homomorphism
unique up to the choice of identity € € p~(e).



