Simplicial complex in RY

Aol 1 {ag,---,a,} C RN is geometrically independent(or affinely indepen-
dent) if a1 — ag, - - -, a, — ag are linearly independent.

n n
Note. geometrically independent< Ztiai =0 with Zti =0=t =

=0 =0
cty = 0.

Affine independence is a notion in affine space, i.e., invariant nuder affine
transformations.

Al 2 (n-simplex)
{ag, - - -an} C RN 7} geometrically independentSFCF1 SFAF.

o=<agy, - a, >={zr € Rz = Ztiai , t; >0 and Zti =1}
i=0 i=0

=n-simplex spanned by {ag,- - -, a,}.

=convex hull of {ag, -« -an}

(1) t; = ti(z) for z € o is uniquely determined and called a barycentric coor-
dinate of x, and ¢; is a continuous function of x € o.

(2) a;=vertex of o, n=dimo ¥ ] a simplex spanned by a subset of {aq, - - -a,}
is called a face of o.

o:=int(oc)={zxeo|tic)>0,t=0,---,n}.
do:=boundary of 0 =0 — 0 = {z € 0| t;(z) =0, for some i}
(3) Vz € o, 3! face 7 of o(denoted by 7 < o) such that z € 7
T =< iy, ", Gy, | ti;(x) >0, j=0,--- k>

Ao 3 (Simplicial complex)

A simplicial complez K in RY is a collection of simplices in R" such that
()r<o,0€ K=71€K,and

(2o, re K=0NT<ocandoNT <T.

Aol 4 (Subcomplex, Dimension, p-skeleton)

(1) L C K is a subcomplez (denoted by L < K ) if L is a simplicial complex in
its own right.

(2) dimK := maz{dimo|o € K}.

(3) p— skeleton of K := KP? =the subcomplex consisting of all simplices of K
of dim< p.



Z0 % simplicial complex Kol T3l [K| = | Jo c RY & A 78] 24} K|l
ocEK

topology & Tha3F Zo] &}

Topology of |K]| :

(1)each of o has the usual induced subspace topology in R".

(2)A C |K]| is closed (open, respectively) if AN o is closed(open, respectively)

ino,Vo € K.

|K|9] closed set< (2)2} Zo] 23l o]+ | K|l topology +ZX & F3l 9]

£ weak (or coherent) topology 2}3l FE2t}. T3t K| with a weak topology

£ K9] underlying space(or a polytope) 2}al 3ttt

A 12, dutd o2 oW 3 XA S, € X,Va °]a ZF S,+= topological
spacesd W], th-5 2 7S WSy 34}

1.5, N S is open(closed, respectively) in S, and Sg, V «,f

2.topology on S, NSs induced from S,= topology on S, N Ss induced from Sp

ol Wl X = JSa ol th23} 2] topology S Z 5= Tk

A C X is open(closed, respectively) if AN S, is open(closed, respectively) in
each S,.

Teiw ol @ A5 XA topology® & Aol 7 H 1 o] THE-S WE G
=3

the subspace topology of S, as a subspace of X=the original topology of S,.

o] topology S {S,}ll &3l induced® weak or coherent topology2tal FE=t}.
2] 31 X7} polytope ¥} homeomorphic & w] XE polyhedron©¢]| 2}l 3t}

Note. The weak topology of |K| is finer than the subspace topology of |K| C
RY ie. id:|K|, — | K], is continuous.

($9) A C |K| 7} closed in |K|; ©]®™ A+ subspace topology & closed ©] 1
ANox o9 A closedo]t}. w2t A= weak topologyZ closed ©] T}

Examples.
1.10,1]




(0, 1] subspace topology® X H Ko A open©] Z] T} weak topology 2 X
o] & closedo|tt. efibstd 7k K9] simplexE 2 (0,1]348 g2 0 F2
simplex A4 02 L} B Z o] closed©] T}
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a3 7

ool sl o |K|,o1 A open otk Hrkstd o9}, 05 A9 3 YA 7 2}
AP LT oL o] 7oA openolth EF 0919 ZFF-E o A ©]
A A] ol A openo| B = | K|, A open ©]T}.

3R gl o= |K sl 4] open ©] o} T}, subspace topology & 2= W], gArel st
Ao A ol 22 Folx t}2 simplex 7 € K ¢} W2 Z interior point 7}
g % gleh. webA 6= opend 47 gieh

3. If K is a finite simplicial complex in R , then

weak topology of | K|=subspace topology of |K].

THO)E oln gollA B, (O)F HolH AL FE |K|, oAl closed?l
subset ©]2}al 31AF 2 H W B E oo U] FNno = oA closedo] L, o &
RYoA] closed o] 2 & FNo = RV A] closedo]t}. Z18]H, F = U(F No)

o] 2 &2 closed subset?] finite union2 < A] closedd}lth= A Ao W} F=
RN ol A closed o] t}. 0

o] A] % simplicial complex Alo]9] 45 A 2] 1A

Aol 5 A simplicial map ¢ : K — L is a function from V(K) to V(L) such
that 0 € K = ¢(0) € L.

%+ simplicial map2 43 A2 9 A] simplicial map©] T i1, 1x < A] sim-
plicial map ©] @t} we}A] simplicial complexE 3} simplicial mapE-2 cate-
gory & ¥ A gt



