Simplicial complex in RY

Aol 1 {ag,- - a,} C RN is geometrically independent(or affinely indepen-

dent) if ay — ag, - - -, a, — ag are linearly independent.

Note. geometrically independent< Ztiai =0 with Zti =0=t, =

1=0 =0
ct, = 0.

Affine independence is a notion in affine space, i.e., invariant nuder affine

transformations.

Aol 2 (n-simplex)
{ag, - -a,} C RN ZF geometrically independentSFCFi SFA}.
o=<ag,- - a, >={r € R"x = Ztiai , ;>0 and Zti =1}

=0 =0
=n-simplex spanned by {ag,- - -, ap}.

=convex hull of {ag, - - -a,}

(1) t; = ti(z) for € o is uniquely determined and called a barycentric coor-
dinate of x, and t; is a continuous function of x € o.

(2) a;=vertex of o, n=dimo € Wl a simplex spanned by a subset of {ag, - - -a,}
is called a face of o.

o:=int(o) ={zxeo|t(z)>0,i=0,--- n}

do:=boundary of 0 = 0 — 0 = {z € 0| t;(x) = 0, for some i}

(3) Yz € o, 3 face 7 of o(denoted by 7 < o) such that = € 7:

T =<, |ty () >0, j=0,--- k>

Aol 3 (Simplicial complex)

A simplicial complex K in RN is a collection of simplices in R such that
()r<o,0€ K=1€ K, and

2o, re K=0cNT<candoNT <T.



Aol 4 (Subcomplex, Dimension, p-skeleton)

(1) L C K is a subcomplez (denoted by L < K ) if L is a simplicial complex in
its own right.

(2) dimK := maz{dimo|o € K}.

(3) p-skeleton of K := KP? =the subcomplex consisting of all simplices of K
of dim< p.

0] % simplicial complex Kol ti3l] |K| = U o C RN E Az B} | K|l

topology & THE3} o] & -

Topology of |K]| :

(1)each of o has the usual induced subspace topology in RY.

(2)A C | K] is closed (open, respectively) if AN o is closed(open, respectively)
ino,Vo € K.

|K|9] closed set< (2)&} Zo] AHolsld o]+
£ weak (or coherent) topology 2}l H-Et}. ESH | K| with a weak topology

K|l topology #+2& F1l ©]

.ﬂ

£ K9] underlying space(or a polytope) 2}al 3t

LA 12, ¥R o F o H3 X oA S, € X,Va ©]al Z} S,+= topological
spacesd W], T 2 AL THSsitiar o1}

1.5, N Sp is open(closed, respectively) in S, and S, V «,

2.topology on S, NS induced from S,= topology on S, N Ss induced from S
ol mj X = JS, o v} 2o topology & & 4= Atk

A C X is open(closed, respectively) if AN S, is open(closed, respectively) in
each S,.

39 old AEL XA topology s 2 Aol H 11 o]= thS WETD]
.

the subspace topology of S, as a subspace of X=the original topology of S,.



o] topology S {S,}°l &3l induced¥ weak or coherent topologyefal FE2t}.

Note. The weak topology of |K| is finer than the subspace topology of |K| C
RY, ie., id: |K|, — |K|, is continuous.

() A C |K| 7} closed in |K|s ] A+ subspace topology & closed ©]il
ANoe o9 A closedo|t}. Wk AE weak topology 2 closed ©| T},

Examples.
1.10,1]

(0, 1] subspace topology@ X Ko A open©] A, weak topology® HH
o= closedolt}. ofukstd Z+ K9 simplexsd (0,1)37e] T 0 =2
simplex XAl 0 Z L} B F o]= closed o]t}

2.

a8 7

ool Hal o |K],o14 open o|th. dfufstd ook, o A3 LA] 7 9}
WHFE BF () o]aL o] 7oA openolth EFF o9te] wFFE o A o]
A goll A openo| & g | K|, A open ©|T}.
A ul o= |K|sol A open ©] o}y T}, subspace topology 2 ¥H-& o, agAFel sk
Ao A o Z2HFS Frolx T2 simplex 7 € K 2} ¥R} 2 2 interior point 7}
g £ gith. wWEbA o= opend 5271 itk
3. If K is a finite simplicial complex in RY |, then

weak topology of | K|=subspace topology of |K].
Z (D)= oju] oA B, (C)F Hold At FE |K|, oAl closed?
subset ©]2}1 SR} 23 BEE ool thal] FNo = ooA closedo]il, o +=
RN A] closed )22 FNo = RYA] closedo]|t}h. 18]H, F = U(Fﬂ o)
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o]m 2 closed subset®] finite union< A A] closedstth= A Ao Wl F&=
RN oA closed ©]t}. 0O

o|A| & simplicial complex A}o]o] SH=E A 2]5}A}.

Aol 5 A simplicial map ¢ : K — L is a function from V(K) to V(L) such
that 0 € K = ¢(0) € L.

5+ simplicial map2 333 A& A A] simplicial map©] H 31, 1x DA] sim-
plicial map ©] ©t}. wWeEbA simplicial complex&3} simplicial maps-2 cate-
goryS @733t



