
Simplicial approximation theorem

Barycentric subdivision, sdK
σ =< a0, · · ·, an >⊂ Rn s� ÅÒ#Q&�����¦ 
���. s� M:, σ_� barycenter \�¦

σ̂ =
1

n + 1

n∑
i=0

ai

�Ð&ñ
_�
���.Õª�Q���, Rn_� simplicial complex K\�@/K� barycentric subdivi-
sion sdK��H ��6£§õ� °ú s� &ñ
_��)a��.

V (sdK) = {σ̂ | σ ∈ K} s��¦, sd(K) = {{σ̂1, · · ·, σ̂p} | σ1 � · · · � σp , σi ∈
K, p = 1, 2, · · ·}.

Note. |sdK| = |K|.

Ça��+ 1 (mesh(K)) K�� RN _� finite simplicial complex {9� M:
mesh(K) := max{diam(σ) | σ ∈ K}.

ÃZ�V� 1
(1) σ �� RN_� n	�"é¶ simplex{9� M:, mesh(sd(σ)) ≤ n

n+1
mesh(σ) s���.

(2) K�� RN_� n	�"é¶ finite simplicial complex{9� M:,
mesh(sd(K)) ≤ n

n+1
mesh(K) s���.

¤� ÃZ� (2)��H (1)_� ?/6 xõ� x
x+1
s� 7£x���<ÊÃº����H ��z�́�ÐÂÒ'� ���Ð ���̧Ù¼�Ð,

(1)�̀¦ 7£x"î

���. s�\�¦ 7£x"î

�l�\� ·ú¡"f ��6£§ Note\�¦ ¶ú�(R�Ð��.
Note. 1.∀ σ, ∃ an edge e < σ such that diam(σ) = length(e).
2.∀ x ∈ σ, |σ̂−x| ≤ |σ̂− v| for some vertex v of σ, and |σ̂− v| ≤ n

n+1
mesh(σ).

(7£x"î
)|σ̂ − v0| = | 1

n + 1

n∑
i=0

vi − v0|

= | 1

n + 1

n∑
i=0

(vi − v0)|

=| 1

n + 1

n∑
i=1

(vi − v0)|

≤ 1

n + 1

n∑
i=1

|vi − v0|

≤ n

n + 1
maxi|vi − v0| ≤ n

n + 1
mesh(σ) s� �)a��.
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s�]j (1)_�7£x"î
�̀¦
����, ∀ τ ∈ sd(σ)\�@/K� τ_� �̧��H edge e��H barycenter\�"f
<�Ê�Ér face_� barycenter\�"f����Ù¼�Ð Note 2\�_�K� length(e) ≤ n

n+1
mesh(σ)

s���. ����"f Note 1\� _�K� mesh(τ) ≤ n
n+1

mesh(σ) s���.

����̧Ça�h� 2 mesh(sdNK) ≤ C( n
n+1

)N and converges to 0 if N →∞.

Note. g : |K| → |L|s� simplicial map s����, ∀ v ∈ V (K) \� @/K�
g(st(v)) ⊂ st(g(v)) s���.

(7£x"î
)x ∈ st(v) ⇔ tv(x) > 0.
g�� simplicial maps�Ù¼�Ð tv(x) ≤ tg(v)(g(x)) s��¦ ����"f
tg(v)(g(x)) > 0 ⇒ g(x) ∈ st(g(v)).

ÃZ�V� 3 Let f : |K| → |L| be a map and g : |K| → |L| be a simplicial map.
Then the followings are equivalent.

(1) ∀ x ∈ |K|, f(x) ∈ ◦
τ ⇒ g(x) ∈ τ .

(2) ∀ x ∈ |K|, f(x) ∈ τ ⇒ g(x) ∈ τ .
(3) ∀ v ∈ V (K), f(st(v)) ⊂ st(g(v)).
s� �â
Äº g\�¦ f_� simplicial approximation s����¦ ô�Ç��.

¤� ÃZ� (2)⇒(1) �Ér {©����
���.

(1)⇒(3) x ∈ st(v),f(x) ∈ ◦
τ �� Z�~��. Õª�Q���

tv(x) > 0, g(x) ∈ τ
⇒ tg(v)(g(x)) > 0, g(x) ∈ τ
⇒ g(x) ∈ st(g(v)) and g(x) ∈ τ

7£¤ g(v)��H τ_� vertexs��¦,
◦
τ ⊂ st(g(v))s���. ����"f f(x) ∈ ◦

τ ⊂ st(g(v)).

(3)⇒(2) x ∈ ◦
σ s��¦, f(x) ∈ τ���¦��&ñ

���.s�M:,e��_�_� v ∈ V (σ)\�@/K�

x ∈ st(v)s���. f(st(v)) ⊂ st(g(v)) �ÐÂÒ'�f(x) ∈ st(g(v)) s��¦ ����"f g(v)��H
τ_� vertex�� �)a��. ����"f g(σ) ⊂ τ s��¦ g(x) ∈ τs���.

Ça�h� 4 Let f : |K| → |L| be a map which satisfies ”star condition”, i.e.,
∀ v ∈ V (K), ∃ w ∈ V (L) such that f(st(v)) ⊂ st(w). Then
∃ g : K → L which is a simplicial approximation of f .

¤� ÃZ� �̧��H v ∈ V (K)\� @/K� f(st(v)) ⊂ st(w)\�¦ ëß�7á¤
���H ��Áº��� w \�¦ ���×þ�

�#� g(v) = w�Ð &ñ
_�
���. s�]j s� g�� simplicial mape���̀¦ �Ðs�l� 0AK�
< v0, · · ·, vk > �� simplex s����, < g(v0), · · ·, g(vk) >�� simplex e���̀¦ �Ðs���.

simplex < v0, · · ·, vk >\�¦ σ�Ð Z�~Ü¼���
◦
σ\� [þt#Q����H x ∈ ◦

σ �� �>rF�
��¦, s�

x\� @/K� x ∈
n⋂

i=0

st(vi) s���. s� M:,
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f(x) ∈ f(
⋂

st(vi)) ⊂
⋂

f(st(vi)) ⊂
⋂

st(wi) , wi = g(vi) s� ÷&#Q �̧��H i\�

@/K� f(x) ⊂ st(wi) s�Ù¼�Ð twi
(f(x)) > 0, ∀ i s���. ����"f

< w0, · · ·, wk >=< g(v0), · · ·, g(vk)) > ��H simplex\�¦ +þA$í
ô�Ç��.(interior point
f(x)�� �>rF�
�Ù¼�Ð). ����"f g��H simplicial maps� ÷&�¦ f(st(v)) ⊂ st(g(v))
\�¦ ëß�7á¤
�Ù¼�Ð ·ú¡_� "î
]j 3_� (3)�̀¦ ëß�7á¤
�#� g��H f_� simplicial approxima-
tions� �)a��.

Remark. f : |K| → |L|�� K_� subcomplex M\�"f s�p� simplicial maps���
�¦ 
���. Õª�Q��� 0A &ñ
o�_� 7£x"î
õ�&ñ
\�"f g\�¦ ú̧��̀¦ M:, M\�"f_� °úכ�Ér Õª@/
�ÐÅÒ�¦ (·ú¡ Note\�"f simplicial map�Ér star condition�̀¦ëß�7á¤
�Ù¼�Ð )�� Qt�
ÂÒì�rëß� &ñ
o�_� 7£x"î
%�!3� 
���� ÷&Ù¼�Ð g||M | = f ||M | s� ÷&�̧2�¤ approximation
r�~�́ Ãº e����.

Ça�h� 5 (Simplicial approximation theorem)
K,L �Ér finite simplicial complex [þt{9� M:,
(1) ÅÒ#Q��� map f : |K| → |L| \� @/K� #Q�"� N s� �>rF�K�"f f��H simplicial
approximation g : sdN K → L �̀¦ ��|9� Ãº e����.
(2) g�� f_� simplicial approximations����, f ' g s���.

¤� ÃZ�

(1) U = {f−1(st(w)) |w ∈ V (L)}�Ér |K|_� open coverings��)a��. K�� finites�
Ù¼�Ð |K|��H compacts��¦����"f open covering U\�@/K� Lebesgue number εs�
�>rF�ô�Ç��. s� M:, mesh(sdNK) < ε

2
\�¦ ëß�7á¤
��̧2�¤ N�̀¦ Ø�æì�ry� ß¼>� ú̧�Ü¼���

sdNK îß�_� y�� star[þt�Ér diams� ε�Ð�� ����¦ ����"f #Q�"� U ∈ U\� �í�<Ê�)a��.
Õª�Q��� f : |sdNK| → |L| �Ér star condition�̀¦ ëß�7á¤
��¦ |sdNK| = |K| s�Ù¼�Ð
&ñ
o� 4\� _�K� Äºo��� "é¶
�~�� g �� �>rF�ô�Ç��.
(2) g\�¦ f_� simplicial approximations����¦
���.���$� L�Ér finites�Ù¼�ÐRN\�

embedded÷&#Q e�����¦ ��&ñ
K��̧ a%~��. s� M: F : |K| × I → |L|, F (x, t) =
tf(x) + (1− t)g(x) �� fü< g��s�_� homotopy�� H�d�̀¦ �Ðs���. ���$� y�� f(x)ü<
g(x)��H °ú �Ér simplex\� Z�~#� e��Ü¼Ù¼�Ð F��H ú̧� &ñ
_��)a��. ¢̧ô�Ç fü< g��H ���5Åq
s�Ù¼�Ð F %i�r� ���5Åqs���. ����"f F��H "é¶
���H homotopys���.

Remark. &ñ
o� 5\�"f=�G sdNK #���½+É�9¹כ���H\O���.7£x"î
\�"f mesh �̧|	��̀¦
ëß�7á¤
���H #Q�"� subdivision\� @/K�"f�̧ $í
wn�ô�Ç��.
¢̧ô�Ç Kü< Ls� finite����m����̧$í
wn�ô�Ç��.(See Munkres 16.5,19.4,20.5.) s�\�¦
�Ðs�l� 0AK� ��6£§ ��z�́s� 
¹כ��9���.

Fact. F : |K| × I → |L| is continuous
⇔ F : |σ| × I → |L| is continuous.
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(s���_	כ 7£x"î
�Ér ��6£§ ņq]j�ÐÂÒ'� ��"î

���.)

�ä́V� 16.
The topology of |K| × I is coherent with the subspaces {|σ| × I | σ ∈ K}.
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