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i__ u. As Thurston showed [i], the volumes of three-dimensioanl hyperbolic manifolds, 
i.e., quotient-spaces H3/F of the Lobachevskii space H 3 by a discrete group F of isometries 
acting without fixed points, form a totally ordered set and the number of manifolds having 
fixed volume is finite. 

For any natural number N in [2] there is constructed a polyhedron of finite volume in 
H s which is fundamental for at least N different 3-manifolds. The proof is based on the 
consideration of subgroups of finite index of the Picard group PSL (2, Z [i]) and the cor- 
responding noncompact manifolds. 

In the present note we give a number of right-angled polyhedra with the analagous prop- 
erty but now for closed manifolds, namely we prove the following 

THEOREM. For any natural number N there exists a right-angled polyhedron in H a which 
is fundamental for at least N nonisometric closed orientable hyperbolic three-manifolds. 

2__ L The proof of the theorem is constructive and is based on the method of construc- 
tion of the series of hyperbolic three-manifolds described in [3]. 

Let R be a right-angled polyhedron in Lobachevskii space H 3, G be the group generated 
by reflections in the faces of R, and S the group of its symmetries. We note that the sta- 
bilizer in g of each vertex of R is isomorphic to the eight-element group Z~ i~Z~ ~ Z 2, 
and we consider an epimorphism ~: G~Z2 ~ ~ Z2 ~ Z 2. Let ~, 6, ~ be three linearly independent 

elements of Z ~ Z ~  Z~ , and 6 = ~ + ~ + ~. 

LEMMA 1 [3]. If the epimorphism ~ carries reflections in faces of R into the elements 
~, 6, Y, 6 and the images of reflections in any three faces having common vertex are differ- 
ent, then HS/Ker ~ is an orientable hyperbolic three-dimensional manifold. 

It is obvious that to each epimorphism ~ satisfying the hypotheses of the lemma there 
corresponds a regular coloring of the faces of R in four colors ~, 6, 7, 6. Conversely, 
each such coloring defines an epimorphism ~, satisfying the hypotheses of the lemma. We 
shall determine when colorings of faces correspond to different manifolds. 

Definition. A group G generated by reflections is said to be naturally maximal if its 
extension G* = <G, S> is a maximal discrete group, i.e., is not a proper subgroup of any 
discrete group of isometries of H 3. 

LEMMA 2. Let G be a nonarithmetic naturally maximal group and FI, r 2 be the kernels 
of epimorphisms ~i and ~2 satisfying the hypotheses of Lemma i. If F I is isomorphic to 
F 2 then there exists an element s �9 S such that F I = s-iF2s. 

Proof. By virtue of Lemma i, F I and F 2 are fundamental groups of closed hyperbolic 
three-manifolds so by the Mostow rigidity theorem there exists an element h �9 Isom(H 3) such 
that F I = h-iF2h. We consider the commensurate of the group G, C (G) = {y �9 Isom(H3): 

y-iGy is commensurate with G}. Since FI<~G and F2 <]G , and hence F I = h-iF2h<~h-iGh, 

one has h �9 C (G). By hypothesis G is no~arithmeticSso by Margulis' theorem [41C (G) is 
discrete, but G* = <G, S> is a maximal discrete group and G* c C (G), so C (G) = G*. Conse- 
quently, h = g.s, where g �9 G, s �9 S, but FI, F 2 are normal subgroups of G so F I = s-IF2s. 
The lem~a is proved. 

We note that if the kernels F I and F 2 are conjugate by an element of the group S, then 
the elements of the group G lying on one coset with respect to rl, lie in one coset with 
respect to F 2 also so faces of R colored in the same color under the epimorphism ~l are 
colored in the same color under the epimorphism ~ 2- Thus, N colorings of faces of R which 
are not equivalent with respect to its symmetries give N nonisomorphic subgroups of index 
8 in G and hence N different manifolds. 
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3_. We construct polyhedra of [3] satisfying the hypotheses of Lemma 2 and give epimor- 
phisms explicitly defining nonisomorphic fundamental groups. 

Let ABCA'B'C' be a triangular prism. We draw an edge DE with vertices D and E lying 
on BB' and CC'. By Andreev's theorem [5] for any integer n e 5 there exists in the Lobachev- 
skii space H ~ a bounded convex hexahedron ABCA'B'C'DE with dihedral angles :/n, :/4, and :/4 
for the edges AA', BD, and EC' respectively and with right angles for the remaining edges. 
Let A(n) be the group generated by reflections in the faces of the hexahedron. Its Coxeter 
scheme contains as a subscheme the scheme of a triangular group with signature (2, 4, n). 
By [6, p. 91], if the group A(n) is arithmetic, then (2, ~, n) must be arithmetic also, but 
as shown in [7], this is only possible if n = 5, 6, 7, 8, i0, 12, 18. Consequently, for 
all other values of n the group A(n) is nonarithmetic. 

By the action of the dihedral group Dn, the stabilizer of the edge AA' in A(n), 
from 2n copies of our hexahedron we get a right-angled (2n + 2)-hedron R(n) whose lateral 
surface consists of two regular right-angled n-fens and 2n right-angled pentagons. In par- 
ticular, R(5) is a right-angled dodecahedron. We denote by S(n) the group of symmetries 
of R(n) and by G(n) the group generated by reflections in the faces of R(n) which has the 
following representation: (Generators) 

(relations) 

g l ,  g2, � 9  g2~.2,  

2 2 
&..,+e :-: 1, g.z = t ,  g l g ~ , l  ~: g~ , ,g ,  ( i  = t . . . .  , 2 n - - t ) ;  

g i g ~ n q .  = g~,>~zg~, gr~: igzn~e  : :  g2n+2gn+i  ( i - - - 1  . . . . .  n ) ;  

gig,~,-~ = g , , ~ g ~ ,  g~g, ,~:~:  = g,: , i - ,~g~ (* =: t . . . .  , n - -  t ) ;  

g~g,~ := g',,g'~' g,,+~g'~,~ = g ' > , g , , q ,  ~ ,~ ' 2 , ,  - -  g~_,~g,~" 

Following [3] we call closed orientable hyperbolic manifolds H3/Ker % where ~: G-+Z 2 
Z2~Z 2 is an epimorphism satisfying the hypotheses of Lemma 1 manifolds of Lobell type. 

Since G(n) is a subgroup of finite index of k(n) is naturally, they are simultaneously 
nonarithmetic. In addition it is proved in [8] that for n e 6 the group G(n) is naturally 
maximal. Consequently, udner the restrictions indicated the group G(n) satisfies the hypo- 
thesis of Lemma 2. 

4. Let n = 6k, k > 3, and we give epimorphisms with nonisomorphic kernels. Let g: G (n) 
-+Z 2 7! Z2: ~ Z z Let (ii, i 2 ..... i k) be different collections of the numbers i, 2, 3, ar- 
ranged in nondecreasing order. There are (2k + i) such collections altogether. We define 

= (fii ' fik) 3 by the following rule: if j = 6p + an epimorphism ~il...ik .... : G(6k) + Z2 

q, 1 ~ q ~ 6, then we set 

where for i = i, 2, 3, 

1, (gO = / ,  (g2) = i~ (g~) = A (gO = / ~  (g~) = A (g~o) = / ~  (gO = 
= / a  (gn) = v, 

1~ (gO = A (gO = / ,  (g~,) = A (g~) = A (g~) = / =  ( a , )  = 
= 1 ~  (&) = A  (g,) = ~. 

One verifies directly that the epimorphisms ~iz...ik satisfy the hypothesis of Lemma i. 

We note that the number of pentagonal faces on the lower layer of R(n) colored in the color 
y, is equal to the sum i z + i 2 + ... + i k, so all (2k + i) colorings of faces of R(n) induced 
by epimorphisms ~ il...i k are not equivalent with respect to symmetries of the polyhedron 

4(n). By Lemma 2 the kernels r~, .... F2k+i are nonisomorphie groups. 

Each of the groups indicated F i, .... r2k+~ is a fundamental group of a Lobell type 
manifold obtained from eight copies of the (2n + 2)-hedron R(n). Up to conjugacy in Isom 
(H 3) we can assume that the right-angled polyhedron R(n), obtained by gluing eight copies 

5 7 6  



of R(n) is fundamental for all F i. Thus, from the polyhedron R(6k) we can glue at least 
N different Lobell type manifolds. The theorem is proved. 

In conclusion the author expresses gratitude to S. L. Krushkal' for interest in the 
work and to N. A. Gusevskii and A. D. Mednykh for helpful discussions. 
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APPROXIMATION OF FUNCTIONS OF CLASS C(e) BY SEQUENCES OF DE LA VALLEE- 

POUSSIN SUMS 

O. V. Davydov 

Let C be the space of continuous 2~-periodic functions f with uniform norm llfll, s n (f) 

be the Fourier sum of order n, Onp(f) - I 2~ s v (F), 0 ~ p ~ n, n : 0, 1 .... be 
p ~ I =n-; 

t h e  de  l a  V a l l ~ e - P o u s s i n  sum ( c l e a r l y ,  On0 ( f )  = s n ( f ) ,  a nd  Onm ( f )  = o n ( f )  i s  t h e  F e j ~ r  
sum), E n (F) is the best uniform approximation of the function f by trigonometric polynomials 
of degree no higher than n, C(e) = {f e C: E n (f) ~ e n, n = 0, i .... }, where e = {en}n=0 ~ 

is a sequence of real numbers, e n + 0 as n + =, e (C(e), Onp) = sup{Ill - Onp(f)ll:f e C(e)}. 
Everywhere in what follows the relation ~ ~ ~ (a x ~) denotes the existence of an absolute 
c > 0, for which ~ ~ cB (c-I~ ~ ~ ~ c8). 

Two-sided bounds of the magnitude e (C (e, onD) were obtained in [i-4]. This was first 
done for Fejer sums o n (f) by Stechkin [i], then x for Fourier sums hy Oskolkov [2]. Final- 
ly, for arbitrary de la Vallee-Poussin sums, Stechkin [3] and Damen [4] showed independently 
that 

'" v=o p ~ - v q - i  " 

F o r  p ~ n / 2  t h e  r i g h t  p a r t  o f  ( 1 )  c a n  be  r e p l a c e d  by  

g~. 
p-~ t ~ v = n - p  

(1) 

In this case in [3] (and for p = n - also in [i]) to obtain lower bounds, there is used the 

function f(x) = ~':=I (en_ ~ - e n) cosnx, which belongs to the class C(e) and, in this case, 
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