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1 The Lobachevsky functon
The Lobachevsky function A(€) is defined by the formula

0
A(O) = —/ log |2 sin t|dt.
0

This function has a lot of names and definitions. For example, the well-known Clausen
function Cly(#) is defined by the similar formula

o s
Cla(6) = —/ log‘Qsin—‘ds,
0 2
and it is easy to show Cly(20) = 2A(6).

Theorem 1.1 The function A(0) is well defined, continuous for all 6, m-periodic, and odd.
Moreover, for each positive integer n, A(0) satisfies the identity

n—1
A(nf) =n Z A0+ g /n).
§=0
Proof. See §10.4 of [1]. 0
As an application of Theorem 1.1, we obtain the useful formula
1
SA26) = A0) + A0+ g) = A()) — A(g —9). (1)

Substituting ¢ = % in (1), we have

2
A(Z) = 51\(%) = 0.3383138...

T
3

Now we will find the maximum and minimum value of A(f). By the fundamental theorem
of calculus, we have

dA(0) .
. = log |2 sin 6|
d*A(6)
gz - cot 6.



Consequently, A(#) attains its maximum value A(§) = 0.5074708... at 0 = % and its minimum

6
value A(5F) = —A(%) = —0.5074708... at § = °F.

The following is a fundamental theorem of the hyperbolic volume theory.

Theorem 1.2 Let T, 5., be an ideal tetrahedron in H* with the three dihedral angles a, 3,7
of edges incident to a vertex. Then the volume of Ty, g~ s given by

Vol(Tapy) = Ma) + A(B) + A(7).

Moreover, a tetrahedron of maximum volume in H? is a reqular ideal tetrahedron with the
volume 3A(%).

Proof. See §10.4 of [1]. 0

2 The dilogarithm function

Traditionally the dilogarithm function Lis(z)is defined by the Taylor series espansion
. = 2"
Lis(2) = Y 73 (2)
k=1

for a complex number z with |z| < 1. The domain of Li; can be extended analytically to the
whole complex plane by the following way :

=~

Definition 2.1 For a complex number z, letlog z have the principal branch cut, i.e. |argz| <
. It defines the following function

Lig(2) = — /OZ wdt

t

in a unique way with 0 < arg(z — 1) < 2m. (We assume the integrand path from 0 to t is a
straight line.) This well-defined function is called the (Euler) dilogarithm function.

Note that Definition 2.1 is an analytic continuation of (2).
The following identities can be obtained easily by the definition and differentials of each
terms. (see [2])

1
LiQ(Z) + ng(-Z) == §L12(22) (3)
1 1
Liy(—2z) + Liy(—=) = 2Liy(—1) — 3 log? 2 (4)
z
Lig(z) + Lig(1 — 2) = Liy(1) —logzlog(1l — 2) (5)
From these equations, one obtains
2 2
Lis(1) = —, Lis(—1) = ——.

One can find more formulas in pages 2808-2809 of [3].
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Remark 2.2 Roger’s dilogarithm function L(z), which in general has better properties than
Lis(z), is defined by the formula

1 1 (% [log(l—t log ¢
L(z) = Lig(z) + = log zlog(1 — 2) = __/ og( ) n o8t \
2 2 Jo t 1—t

3 The Lobachevsky function and the dilogarithm func-
tion

The Lobachevsky function and the imaginary part of the dilogarithm function play an impor-
tant role in hyperbolic volume theory. In fact, the Lobachevsky function can be considered
as an imaginary part of the dilogarithm function.

Theorem 3.1 For 0 < 60 < m, we have
Lig(e*®) = Liy(1) + 6(6 — ) + 2iA(6).

Proof. See §10.4 of [1]. 0
The following theorem (due to E. Kummer(1840)) shows more general relation between
these two functions.

Theorem 3.2 For 0 < 6 < 2w, we have
ImLiy(re?) = wlogr + A(0) + A(w) — A(§ + w),
where w is defined by the following identities :
tanw:ﬂ or r:&.
1 —rcosf sin(w + 6)

Proof. See page 15 of [2]. 0
From the proof of the theorem, we can easily find the following relation

, 1 [T log(l—2 0+ y?
ReLiy(re') = —5/ 0g( yeosv+y )dy
0 Y

for 0 < 6 < 27. (See Proposition A of [4])

4 The general form of the dilogarithm function

We have thus far considered only the principal branch of the dilogarithm. But if we permit
any branch, the dilogarithm function has the following general form

Lig(z) = Lij(2) + 2mmilog z + 4kn?

where Lij(z) is the dilogarithm function with the principal branch and m,k are integers.
(See page 2810 of [3]) The integers m and k depend on the integrand path, specifically the
number of encircling the branch points 1 and 0.

Note that the imaginary part of the general dilogarithm function does not depend on the
branch point 0, but only on the branch point 1.
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5 Bloch-Wigner function and the hyperbolic volume of
an ideal tetrahedron

The following function plays an important role in hyperbolic volume and K-theory.

Definition 5.1 We define the Bloch- Wigner function D(z) by the formula
D(z) = ImLiy(z) + arg(1l — 2) log | 7|

for z € C\R, and D(z) =0 for z € RU{o0o}.

Note that, for 6 € R,
0

D(e") = ImLiy(e) = 2A(§).

The usefulness of this equation will be shown later.

Definition 5.2 A sequence (a,b,c,d,e) of five complex numbers is called a 5-cycle if
a=1—cd, b=1—de, c=1—ea, d=1—ab, e=1—bc.

We say that a 5-cycle is nontrivial if it consists of nonzero elements.

Remark 5.3 1. The dihedral group Ds acts on the set of all 5-cycles.

2. If d # 0, then (a,b,c,d,e) is 5-cycle if and only if

1—a 1-5b
(a,b,c,d,e) = (a,b7m,1—ab,m) .

Lemma 5.4 For z € CU{oo}, we have
1. D(z)+D(1—2)=0,
2. D(z)+ D(2) =0,
3. D(z)+ D(z) =0,
4. If (a,b,c,d,e) is a 5-cycle, then

D(a) + D(b) + D(c) + D(d) + D(e) = 0.

Proof. 1-3 are easy. From these properties, we know

1—a 1 1-0

D(1 - ab) = —D(ab), D(;—) = D(1 - =) = D(-a




D) = D(1 ~ ) = D(-b; 4

Using the well-known equality (see [2])

. : ) 1—- ) 1—x ) 1 1—2
Lis(a) + Liay) + Lia(~7 =)+ Lia(~y7 =) ~ Lia(ay) = 5 log* | 1

and the Remark 5.3, we have
1—a 1-0

D(a) + D(b) + D(c) + D(d) + D(e) = D(a) + D(b) + D(l——ab) — D(ab) + D(—a)

1 11—
= ImLi, [—5 log? (1—Z>} + arg(1 — a) log |a| + arg(1 — b) log ||
1-0b

1—a

1—ab
+ arg 1

1—ab
1-0

1—a

b
1-b

log |a

log — arg(1 — ab) log |ab| = 0.

’ + arg

—a

Theorem 5.5 For z € C\R, we have
D(Z) = A(Ql) + A(GQ) - A(@l -+ 92)

where 0 = arg z, 6, = arg(l — Z).

Proof. See pages 245-246 of [2]. 0
The following corollary follows directly from Theorem 1.2 and Theorem 5.5.

Corollary 5.6 For a complex number z with 0 < argz < T,

D(z) = Aarg z) + A(arg(l — %)) + A(arg n i Z) = Vol(T,)

where T, 1s the hyperbolic ideal tetrahedron parametrized by the complex number z.

References

[1] J. G. Racliffe, Foundations of hyperbolic manifolds (2nd ed.). Graduate Texts in Math-
ematics 149, Springer, 2006.

[2] L. Lewin(ed.), Structural Properties of Polylogarithms. Mathematical Surveys and Mono-
graphs, Vol. 37, AMS, 1991.

[3] L. C. Maximon, The dilogarithm function for complex argument. In Proceedings: Math-
ematical, Physical and Engineering Sciences, Vol. 459, No. 2039 (Nov. 8, 2003), pp.
2807-2819, The Royal Society.

[4] A. N. Kirillov, Dilogarithm identities. Prog. Theor. Phys., Vol. 118, pp. 61-142, 1995.

[5] D. Zagier, The Dilogarithm Function. In Frontiers in Number Theory, Physics, and
Geometry II: On Conformal Field Theories, Discrete Groups and Renormalization, pp.
3-65, Springer, 2007.



