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U N I F O R M I Z A T I O N  O F  S O M E  R I E M A N N  S U R F A C E S  

W I T H  N O D E S  
N. S. Z ind inova  UDC 517.862 : 513.835 

The present article is devoted to studying the spaces of deformations of Kleinian groups representing 
Riemann surfaces with nodes and introduced by Bers in [1]. Nodes are the simplest case of degeneration 
of a Riemann surface when the surface is compressed along several simple closed loops. 

We study these deformations on the example of Kleinian groups with a simple geometric structure, 
the extended Schottky groups of type (g, s, m). 

In the article we construct the so-called augmented space ST~g.s,m ) of extended Schottky groups 

and demonstrate that this space is a domain in ~-n such that to each point in this domain there 
corresponds some Riemann surface with nodes. 

The augmented spaces for extended Schottky groups of types (g, 0, 0) and (g, 0, m) were considered 
in the articles [1-3]. 

w Definitions and P r e l i m i n a r i e s  

We let M stand for the group of all conformal automorphisms of the extended complex plane C. 
A group G C M is called an extended Schottky group of type (g,s, m) with standard generators 

T1, . . . ,Tg,  W ] , . . . ,  Ws, Ui ,V] , . . . ,Um,  Vm and defining curves C~,C~, . . . ,Cg,C~,  B ] , B ~ , . . . , B s ,  B' s, 
L1, . . .  ,Lm, where Lk is a topological quadrilateral with sides Kk, K~:, Pk, and P~, k = 1 , . . .  ,m, if 
the following conditions are satisfied: 

I 
(a) all defining curves are simple closed curves in C; the curves Bj and Bj have one common 

point pj, j = 1 , . . . ,  s; all other curves are pairwise disjoint; and all curves jointly bound a ( 2 g + s + m ) -  
connected domain D such that 

Ti(D) n D = Wj(D) n D = Uk(D) n D = Vk(D) n D = 0; 

(b) Ti(Ci) = C~, i = 1 , . . . , g ;  Wj(Bj)  = B~., j = 1 , . . . , s ;  Uk(Kk) = K~k, Vk(Pk) = P~, k = 
1 , . . .  , m;  

(c) Uk and Vk are commuting parabolic elements generating the Kleinian group (Uk, Vk), k = 
1 , . . . , m ;  

(d) Wj is a parabolic mapping with the fixed point pj, j = 1 , . . . ,  s. 
An extended Schottky group G of type (g, s, m) with some ordered system of standard generators 

is referred to as a marked extended Schottky group of type (g, s, m). 
We say that two marked extended Schottky groups of type (g, s, m) 

G =  . . . , T g ,  W 1 ,  . . . , W , ,  , , . . . , U m ,  V m ) ,  

are equivalent if there is a MSbius transformation B such that 

B T W - '  = B W S B - '  = BULB-"  = B V , , B - '  = 

i = l , . . . , g ,  j =  l , . . . , s ,  k = l , . . . , m .  
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We denote the set of all equivalence classes of marked extended Schottky groups of type (g, s, m) 
by S(g,s,m)- We endow S(g,s,,n) with a topology a~ follows: a sequence [G.] E S(g,s,m) converges to 
[G] E S(g,s,m) if and only if there are marked extended Schottky groups of type (g, s, m) 

<T("I,..., T,("', W("l,..., V,("',..., Uk"', V2 > [C,,] 
and a marked extended Schottky group of type (g, s, m) 

Tg, W, , . .  , Ws, U,,,, v.,> [G] 

such that 

i = l , . . . , g ,  j = l , . . . , s ,  k = l  . . . .  ,m, asn---~oo 

in the topology of uniform convergence of mappings on the Riemann sphere C ([G] is the equivalence 
class of a group G). 

We call the so-defined topological space S(g,s,m ) the space of extended Schottky groups of type 
(g, s, m) or simply the Schottky space of type (g, s, m ). 

It was shown in [4] that we can endow the space S(g,s,m ) with the structure of a complex manifold 

by embedding S(g,s,m) into ~3g+3m+2s-3. We denote the image of S(g,s,m) under this embedding by 
ST(g,s,m). 

For definiteness, we shall assume that r E ST(g,s,m) looks as follows (in the case when g -> 2, 

s >_0, and m_>0): 

r = ( a 3 , . . . , a g ,  b2,. . . ,bg, A1,.--,Ag, C l , . . . , c s , w l , . . . , w s ,  d l , . . . , d m ,  Ul , . . . ,Um,  Vl, . . . ,Vm), 

where ai and bi are the fixed points and A} -1 is the factor of the loxodromic mapping Ti (0 < IA, I < 1); 
cj and wj are the fixed point and the radius of the isometric circle of the parabolic mapping Wj; 
and dk and uk, vk are the fixed point and the radii of isometric circles of the parabolic mappings Uk 
and Vk. 

�9 - - 3 g + 3 m + 2 s - 3  
We denote by OST(g,s,m ) the boundary of ST(g,s,,,) m C and denote by 6ST(g,s,m) 

the set of r E OST(g,s,m) satisfying at least one of the following conditions: 
(1) one of the parameters wj or uk equals zero or infinity, j E {1 , . . . , s } ,  k C { 1 , . . . , m } ;  
(2) one of the factors Ai equals zero, i E {1, . . . ,g};  
(3) one of the parameters vk is real or equals infinity, k E {1 , . . . ,m} ;  
(4) two fixed points in the set {a l , . . . , ag ,  bl,... ,bg, Cl,...,c~, d l , . . . ,dm} coincide. 
Observe that 6ST,.~g,. s, m'., is the intersection" of OST(~. , s, ,~, with finitely many analytic hypersu rfaces 

and therefore has positive real codimension in OST(g,~,m). 
The group G(r)  is soundly defined for every point r E OST(g,s,m) \ ~ST(g,s,m). As it was demon- 

strated in [4], such a group is discrete and isomorphic to an extended Schottky group of type (g, s, m), 
and either is not Kleinian or contains random parabolic elements. 

w 2. C o n s t r u c t i o n  of the  A u g m e n t e d  S c h o t t k y  Space  

In this section we construct the so-called augmented space of extended Schottky groups of type 

(g, s, m) We obtain this space by adjoining some points of ~39+3m+2s-3 to ST g,s,m) For definiteness, �9 ( �9 

we suppose that  g > 2, s >_ 0, and m >_ 0. We denote the coordinates of a point r and the generators 
of the group G(r) by ai(r), bi(r), Ai(r), cj(r), wj(r), dt,(r), ut,(r), vk(r) and Ti(r,'), Wj(r, ') ,  Uk(r,'), 
Vk ( r, ") respectively. 
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In particular, we shall consider those points r 6 6ST(g,s,m) for which at least one of the parameters  
wi(r ) and ut(r)  vanishes, some of the factors hi(r) are equal to zero, or two fixed points of some 
generator coincide. 

The  fulfillment of the above conditions for the elements Ti(r,'), Wj(r, ' ) ,  Ut(r, ' ) ,  and Vt(r, ')  
implies that  the latter turn into constants. Thus, we consider those points on the boundary of 
the space of ex tended Schottky groups for which we obtain a constant for at least one generator in 
the limit for a sequence of marked Schottky groups of type (g, s, m). 

We now proceed to constructing the augmented space. We define the s e t  ~l'J'KSZ(g,s,m), where 

I C  { 1 , . . . , g } , J c  { 1 , . . . , s } , a n d  K C { 1 , . . . , m } .  
For I = J = K = ~ we put 6I'J'KST(g,s,m) = STg,s,m. 
For I tO J tO K ~: O we denote  by 6l'J'KSZ(g,s,m) t h e  set of the points 7" E ~3g+3rn+2s-3 satisfying 

the following conditions: 
( la)  the elements  Ti(r, ^), Wj ( r , ' ) ,  Uk(7",'), and Vk(r,'), i q~ I, j q~ J, k q~ K, are well defined and 

generate an extended Schottky group, say, G0(r); 
(2a) )~i ( r ) (a i ( r )  - bi(r)) = 0, 0 <_ IA (r)l < 1 for i E I; 
(3a) w j ( r )  = 0 for j E J and uk(r)  = 0 for k E K; 
(4a) all points of the set ( a l ( r ) , . . . , a g ( r ) ,  b l ( r ) , . . . , bg ( r ) ,C l (7" ) , . . . , c s ( r ) ,  d l ( r ) , . . . , d , n ( r ) }  are 

different but possibly a/(r)  = bi(r), i �9 I. 
To introduce the last condition in the definition of 61'J'KSTg,s,m, given a point r ,  we associate 

with it some collection of groups to be listed below. 
Let I1 = {i �9 I I Ai(r) = O, ai(r) r bi(r)}, 12 = {i �9 I I A~(r) r 0, a (r) = b~(7-)}, and 

h = { i  �9 I I = 0,  = 
For i �9 [{ 1 , . . . ,  9} \ I] tO I1, put Gi( r )  = aiGo(7-)A~ l, where ai is a MSbius transformation defined 

by the conditions: Ai(ai(7-)) = cx~, Ai(bi(7-)) = 0, a n d  Ai(ot) = 1, where ~ = ai+l(7-) if i < 9 and 
= e l ( r )  if i = 9- 

We agree that  

Gi ( r )  = z ---, for i �9 I2, = ( id)  fo r  i �9 13. 

If j �9 [ { 1 , . . . , s }  \ J] then we put Gj+9(r ) = R.iGo(r)R'~ 1, where Rj is a MSbius t ransformation 

such that  Rj(cj(7-)) = co, R.iWj(r,')R-~ 1 = z + 1, and Rj(~)  = 0, with c~ = cj+l(r) if j < s and 

c~ = d l ( r )  i f j  = s. 
For j �9 J ,  we set aj+9(7-) = (z + 1). 
Given k �9 [{ 1 , . . .  ,m}  \If],  we put Gk+g+~(7-) = QkGo(r)Q"s 1. Here Qt  is a MSbius t ransformation 

such that  Qt(dk(r)) = c~, QkUk(r,-)Q~ -1 = z + 1, and Qk(~) = 0, with ~ = dk+l(r) if k < m and 
c~ = a1(7-) if k = m. 

If k �9 K then we set Gt+g+~(r)  = (z + 1,z + vk). 
Thus, a point 7- is associated with the collection of groups 

{Go(7-),Gi(7-),Gj+g(7-),Gk+g+s(r), i =  1 , . . . , g ,  j = 1 , . . . , s ,  k = 1 , . . . , m } .  

Now, we introduce the last condit ion in the definition of 6I'J'KST(g,~,m): 
(5a) the set P0 = {ai(7-),bi(7-),cj(7-),dk(r),i �9 l , j  �9 J ,k  �9 K} lies in a suitable fundamenta l  

domain of G0(r)  (we call this set the set of distinguished points for the group). 
For i �9 12, we choose a fundamenta l  domain of the group Gi(7-) which contains the point 1. We 

call 1 the dist inguished point for Gi(7-). 
If i �9 13 then we consider the set Pi = {0, 1, cx~} to be distinguished for the group Gi ( r )  = (id). 
For Gj+g( r )  and Gk+g+~(r), j �9 J ,  k �9 K, we can choose appropriate fundamenta l  domains  that  

contain the point 0. This point is said to be distinguished for Gj+g(r )  and Gk+g+s(7-). 
It is the set ST~g,s,m ) = U,SLJ'KST(g,s,m), with the union taken over all subsets I C {1 , . . .  ,g}, 

J C { 1 , . . . , s } ,  and K C {1 . . . .  ,rn}, that, we call the augmented space of ex tended Schottky groups 
of type (9, s, m) ,  or simply the augmented Schottky space of type (g, s, m). 
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T h e o r e m  1. The augmented space ST~g,,,m ) of extended Schottky groups is a subset of ST(g.,,m ) 

U OST(g,,,m) and forms a domain in ~3g+am+2s-a. 
PROOF. Let us demonst ra te  that  the space ST~g,s,m ) is a subset of ST(g,s,m ) U OST(g,s,m). 

Assume 7- E ST~g,~,m ), with r E 6I'J'KST(g,~,,n) for some sets I, J ,  and K. 

CASE 1: I # O, J = ~ ,  K = O. 
Since I = Ii tO I2 U/3 ,  we separately consider three subcases. 
( la)  I1 :P- ~ ,  /2 = /3 = Z. The coordinates of the point r satisfy the conditions Ai(r) = 0, 

i E I , .  Consider a sequence of numbers Ai, ---* 0, Ai, E R, 0 < [Ai,[ < 1. Let Tin be a hyperbolic 
mapping with fixed points a i ( r )  and bi(r) and factor A~n I. Denote by I i ,  the isometric circle of 7],. 
Put I~, = 7] , ( I i , ) .  Since a i ( r )  and hi(r)  lie in the fundamental  domain of the group, for n sufficiently 
large the curves I i ,  and I~, also lie in the fundamental  domain. By Maskit ' s  combinat ion theorem, 
the groups G,  = (Go(r ) ,T i , , i  6 I1) are extended Schottky groups for n sufficiently large. Order 
the generators of the groups G, so that  the mapping Tin, i 6 I1, stand on the i th  position. As in 
[4], associate the sequence [G,] with the sequence of the points r ,  6 ST(g,s,m). As n ---* c~ we have 
r ,  ---, r .  Thus, r E OST(g,s,,,). 

( lb)  /2 :/: ~ ,  I1 = /3 = ~ .  The coordinates of the point r satisfy the condit ions ai(r) = bi(r), 
i E I2. The  point r is associated with [I2[ groups Gi(r)  = (z --* A~-l(r)z) ([I2[ is the cardinal i ty  of 
the se t /2 ) .  Denote by Ci and C~ the defining curves of the group Gi(r).  The point 1 is dist inguished 
for Gi(r)  and lies in the fundamental  domain of the group. 

= ~-2,,i~ where en E ~ ,  en ~ O, n ---* cx:~. Consider the sequence of the points ain  a i ( v )  + - n -  , 

Construct  some mapping Ain for i E I2 and n E N as follows: Am(O) = ai(r) ,  Ai,(cx~) = ain, and 
Ain(1) = r 

z - -1  Let Ti, = Ain~--d-~Ain. The mapping Tin has fixed points ai, and a i ( r )  and factor ~-1(7-). 

The curves Fin = Ai . (Ci)  and F~r , = Ain(C~) are defining for Tin; i.e., Tin(Fin) = F~n, i E 12. 
In the fundamental  domain for Gi(7-), consider a circle c with center 1 and radius e,~ for n suf- 

ficiently large. Under the mapping A~n 1, the circle c transforms into the circle ~: I w - a i . l  --- e . .  
Moreover, the defining curves Fin and F~n will lie inside ~, whereas the defining curves for Go(7-), 
outside ft. By Maski t ' s  combinat ion theorem, the groups G .  = (Go(7-),Tin, i E 12) are extended 
Schot tky groups for n sufficiently large. Order the generators of the group G .  so tha t  the mapping 
Ti. ,  i E /2, s tand on the i th  position. Associate the canonical representatives of the classes [G.] with 
the sequence of the points 7-. in ST(g,s,m). As n ---, oo we have rn ~ 7-. Therefore, r E OST(g,s,,n). 

( lc)  13 -r O, Ia = 12 = ~ .  The proof is conducted by combining the methods  of cases ( la)  
and ( lb) .  

CASE 2: l = ~ , J : f l ~ , K = O .  
A point r E 6z'LoST(g,~,m) has coordinates wi(r  ) = 0 for j E J .  Consider a sequence of points 

win ---* 0, Win r O, j E J. Let Win be a parabolic mapping with fixed point cj(7-) and parameter  
wj . .  Since c j ( r )  lies in the fundamental  domain for Go(7-), the isometric circle I i .  of W i .  of radius 
Iwj.I lies in the fundamental  domain of the group G0(r)  for a sufficiently large n. Let l j .  = w j . ( b .  ). 
The curves 11n and 1j. n are defining for Win and lie in the fundamental  domain of the group G0(r).  
By the combinat ion theorem, G .  = (Go(7-) ,Wj . , j  E J) is a Schottky group of type ( g , s , m )  for 
a sufficiently large n. As above, the corresponding sequence of the points 7-. G ST(g,s,m) converges 
to 7-. Whence,  r E OST(g,~,.~). 

CASE 3: I = ~ ,  J = ~ , K r  
For such points 7-, the coordinates u/,(7-) are equal to zero, k E K. Let ukn be a sequence of points 

vanishing as n --~ cx~. Consider parabolic mappings Uk, and V~n having the common fixed point  dk(r)  
and parameters  ukn and vk(7-). Let akn be the isometric circle ofUkn and let /3k, be the  isometric 
circle of Vk.. Pu t  a~ .  = U~n(ak.) and /3~. = Vt,.(/3k.). Then  ak . ,  a ~ .  and /3k., /3~. are defining 
curves for Uk. and Vk. respectively. By the combination theorem, G .  = (G0(r) ,  Uk.,  Vk., k E K)  are 
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extended Schottky groups for n sufficiently large. Associate the sequence [G.] with the sequence of 
the points r .  6 ST(g,s,m). As n ---* co we have 7", ---* r. Therefore, r (50ST(g,s,m ). The first part of 
the theorem is proven. 

Demonstrate that ST(g,s,m } is open. 

Assume r 6 61'J'KsT(g,s,m). If I = J = K = ~ then ~l 'J 'KsT(g,s ,m)  = ST(g,s,m ) and ST(g,s,m ) is 
open by a theorem proven in [4]. 

Suppose that I U J U It" :/: ~. Denote by {Ci, C~,Bi, B~.,Lk, i ~ I , j  ~ J ,k  ~ It"} the set of 
defining curves bounding the fundamental domain of the group G0(r). For i (5 I, let Ci be a circle of 
a sufficiently small radius centered at bi(r). If + (5 C 3g+am+2s-3 is sufficiently close to r then the set 
L C {1, . . .  ,g} of the indices l such that ,\t(+) = 0 or at(?) = bt(+) satisfies the condition L C I. 
Analogously, the sets Q c {q 6 {1 , . . . , s}  I wq(~) = 0} and P = {p (5 {1 , . . . ,m}  I up(+) = 0} are 
subsets of J and K respectively; i.e., Q c J and P C K. 

Given i (5 [ { l , . . . , g }  \ L], put C~ = Ti({',Ci). For j 6 [{1 , . . . , s}  \ Q], denote by / J j  the isometric 
circle of the mapping Wj(+,'). Put /3~ = Wj(§ Bi). For k 6 [{1 , . . . ,m} \ P], denote by &k the iso- 

metric circle of the mapping Uk(+,') and denote by #k the isometric circle of the mapping Vt~(+,'). 
Let &~: = Uk(~',&k), /9~ = Vk(+,/~k), and let Lk be the topological quadrilateral formed by the curves 

&k, &~:,/}k, and f~:. Then 

- '  , . .  . .  , . .  , Bj , l , k , iG[{1  . , g } \ L ] , j 6 [ { 1 ,  . , s } \ Q ] , k E [ { 1  . m } \ P ] }  

is a set of pairwise disjoint Jordan curves bounding the standard fundamental domain of the extended 
Schottky group 

Go(§ = (Ti(+,^),Wj(+,'),Uk(+,'),Vk(~-,'), i q~ L, j  q~ Q, k q~ P). 

Moreover, all points at(+), bt(+), Q(+), dp(+), l 6 L, q 6 Q, p 6 P, lie in the fundamental domain 
of G0(+). We call them distinguished for Go(?). Then r (5 6s and consequently ST~o,s,m ) 
is open. 

,I, The connectedness of STig,s,m ) is immediate from the relations 

S X { , , . , m l  C S X i ; , . , m  C S T ( , , . , . ,  I 

and the connectedness of ST(g,s,,n) is shown in [4]. The theorem is proven. 

{} 3. T h e  A u g m e n t e d  Space  and  R i e m a n n  Surfaces  w i th  N o d e s  

In this section we shall interpret each point r 6 ST~g,s,m ) as a complex space, namely, as some 

Pdemann surface with nodes. 
A Riemann surface with nodes is a connected complex space S such that each point X 6 S has 

a neighborhood homeomorphic either to the disk Iz[ < 1 in C (X corresponds to z = 0) or to the set 
{Izl < 1,1wl < 1,zw = 0} in C 2 (X corresponds to z = w =0) .  

In the last case, X is called a node. 
We consider Riemann surfaces with nodes and punctures. 
Every component of the complement to the nodes is called a part of S and represents a conventional 

Riemann surface. 
The genus # of a Riemann surface with nodes is defined by the formula 

r 

g = ~gi + k +  1 - r, 
i=1 

where gi is the genus of the ith part, k is the number of nodes, and r is the number of parts. 

933 



A node X is called separating if S \ {X} is disconnected and nonseparating otherwise. 

Let r E ST~g.s,m ). Then r E 6I'Y'KST(g,s,m) for some sets I C {1, . . .  ,g}, J C {1, . . .  ,s}, and 

K C  {1 , . . . ,m} .  
The point r is associated with the collection of the groups 

{ao(r ) ,Gi ( r ) ,Gi+g(r ) ,Gk+g+s(r ) ,  i =  l , . . . , g ,  j = 1 , . . . , s ,  k = 1 , . . . , m } .  

To this collection of groups there corresponds a collection of Riemann surfaces 

So = n(Go(~)) /Go(~),  s~ = R(G~(~))/Gi(~), 

Si+g = R(Gy+g(r)) /Gj+g(r) ,  Sk+g+, = R(Gk+g+~(r))/Gk+g+s(r),  

where R(G) is the fundamental domain of the corresponding group, i = 1 , . . . , g ,  J = 1 , . . . , s ,  k = 
1 , . . . , m .  

Denote the corresponding natural projections by 

ro : R ( G o ( r ) )  ~ So, r i  : R ( G i ( r ) )  ~ S, ,  

~ri+ ~ : R ( G i + g ( r ) )  ---* Sj+g, rk+g+s : R(Gk+g+s(r ) )  ---+ Sk+g+~, 

w h e r e / = l , . . . , g , j =  1 , . . . , s ,  and k = l , . . . , m .  
The Riemann surface So represents a Riemann surface of genus g + m - (I/2[ + [I3[ + K)  with 

2 ( s - [ d [ )  punctures. On So distinguished are [I1[ pairs of the points qi = 7ro(ai(r)) and q~ = ro(bi(r)), 
i E la as well as (Ihl  + 113[ + [J[ + [KI) points ri = ro(ai(r) ,  i E h ,  ui = 7ro(ai(r)), i c I3, 
~k = ~o(dk(~)),  k ~ K,  and pj = ~0(cj(~)) ,  j ~ s .  

For i E [{1, . . . ,9}  \ I ] U l l ,  j E [{1, . . . , s}  \ J], and k E [{1 , . . . ,m} \ K ]  the Riemann surfaces Si, 
Sj+g, and Sk+g+s are conformally equivalent to So with the same distinguished points. Henceforth 
we identify these Riemann surfaces with So. 

' = 7ri(1). For i E I3, it is a sphere For i E 12, the surface Si is a torus with distinguished point r i 
t I 1 with distinguished points wi = O, w i = oo, and u i . 

I For j E J ,  the surface Si+g is a sphere with two punctures and distinguished point Pi = ri+g(0)" 

For k C K, the surface Sk+g+s is a torus with distinguished point v~ = 7rk+g+s(0 ). 
Denote by S(z) the union of the Riemann surfaces So, Si, i E 12 U 13, Sj+ 9, j E J ,  Sk+9+s, k E K, 

with identified pairs of corresponding points qi and q[, ri and r~, wi and w~, ui and u~, pj and p~, vk 
and v~,. 

The so-obtained surface S(T) represents a Riemann surface with nodes. More precisely, for r E 
,51,J,KST(9,,,,,, ) the corresponding Riemann surface S(r) has" (1121 + 1131 + IJI + KI) separating nodes 
and (I/x[ + 113i) nonseparating nodes. We say that S(T) is associated with r. 

Thereby, we have proven the following 

T h e o r e m  2. For r E ~5l'Y'g ST(g,s,m), there is a Riemann surface S associated with r which is 
of genus 9 + m and has 2s punctures, (li21 + [13[ + [JI + [K[) separating nodes, and ([Ill + lI3l) 
nonseparating nodes. 

It is easy to show that the converse assertion is also valid; i.e., to a Riemann surface of genus 
g + m with 2s punctures and a distinguished system of loops and nodes of the considered type, there 
corresponds some point r E STag,,.,,,). Observe that such point r is not determined by a Riemann 

surface uniquely but depends on the choice of fundamental domains for corresponding groups. 
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