Definition of Fundamental Group
A path o in a space X is a continuous map « : [0,1] — X.

A 2] 1 Given two paths @ and § in X with the same end points, ie, a(0) =
£(0) and (1) = £(1) .
« is path homotopic to 3, denoted by a ~ 3, if « L g rel 0I = {0,1} ,
ie, dF: 1 x I — X such that
1. F(t,0) = a(t),Vt € I.
2. F(t,1) = p(t),Vt € I.
3. F(0,8) = a(0), F(1,8) = a(1),Vs € I.

In general for f and g : X — Y with f(a) = g(a) fora € A C X,
f is homotopic to g (denoted by f ~ g) relative to A C X,
if 3amap F: X x I — Y such that

1. F(x,0) = f(z),Vz € X.

2. F(x,1) = g(z),Vz € X.

3. F(a;s) = f(a) = g(a),Va € A.

Note. ~ is an equivalence relation.
(reflexive) a ~ «
(symmetric) o ~ = [~ «a:

a ~ & 5+ homotopy Foll thsll G(t,s)=F(t,1-s)& =W o]
Z3}+= homotopy 7} & T}
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(transitive) a ~ 3,8~y = a ~ 7 :
F: homotopy between o and 3, G: homotopy between 3 and v 2} 3}A}. o] uf,
HE
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Aol 2 (i) F 7N path a, 8 with a(1) = 3(0)°l s A product path a* S+
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<t<i
ok () = a(2t) 1f(1) <3
Bt—1) ifl<t<1
(i) QX,z0) ' ={a: I — X | a(0) =a(l) =x0} : loop space of X based at x

Introduce a group structure on Q/ ~:
(a) group operation< [a] - [5] := [« * (]

) Q/ ~ oA 2 A7} Ak AL ®olA)
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(b) Associativity ([«] - [B] - [7] = [¢] -

(axB)xvy &ax(B*v) v AHEAS 2 path & reparametrizationo] 22 T}
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Note. In general, if 3(t) = a(¢(t)) where ¢ : I — [ with ¢(0) = 0 and
(1) = 1, is a reparametrization, then o ~ (3.

() F(t,8) : = a(sé(t) + (1 —s)t) & AFeolar
F(t,0) = a(t), ( 1) = a(¢(t)) = B(t) Aol 3= homotopyE =T}
(c¢) Existence of an identity e:

Let I — {zo} C X (a constant loop). T8 Ha xe += a2 reparametrization©]
22 29 Noteoll Wl axe~a~exa.

(d)Ezistence of an inverse:

Given a € Q, define @(t) := «(1 — t). Then we show that a xa@ ~ e ~ @ x a.
ojZlg Hol7l A&l F: I x [ — X & tha3 o] FostAk

a(2t) fo<u<1l-2t
F(t,u) = a2t —1) ifu<2t—1
a(l—u)=a(u) ifu>|1-—2t
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A2l 3 (The fundamental group.)
m (X, 1) = QX, z0)/ ~& X2 fundamental group (based at zy)2}al F&
.



