
Functorial Property

Ça�h� 1 f : (X, x0) → (Y, y0) induces a homomorphism
f] : π1(X, x0) → π1(Y, y0) given by [α] 7→ [f ◦ α].

¤� ÃZ����$� f]([α])�� ú̧�&ñ
_�÷&��Ht�¶ú�(R�Ð��.7£¤ α ∼ α′\�@/K� f ◦α ∼ f ◦α′

e���̀¦ �Ðs���. α ü< α′ ��s�_� homotopy\�¦ F�� 
����,
(f ◦ F )(t,0) = f(F(t,0)) = f(α(t)) = (f ◦ α)(t)
(f ◦ F )(t,1) = f(F(t,1)) = f(α′(t)) = (f ◦ α′)(t)
(f ◦ F )(0,s) = f(F(0,s)) = f(x0) = y0 ∀s ∈ I

s�Ù¼�Ð f ◦ F��H f ◦ αü< f ◦ α′ ��s�\� homotopy\�¦ ï�r��.
��6£§Ü¼�Ð f]s� homomorphisme���̀¦ �Ðs���.
f]([α][β]) = f]([α ∗ β]) = [f ◦ (α ∗ β)]s��¦,

(α ∗ β)(t) =

{
α(2t) 0 ≤ t ≤ 1

2

β(2t− 1) 1
2
≤ t ≤ 1

s�Ù¼�Ð f ◦ (α ∗ β)��H &ñ
SX�y� (f ◦ α) ∗ (f ◦ β)�� �)a��. ����"f,
f]([α][β]) = [(f ◦ α) ∗ (f ◦ β)] = [f ◦ α][f ◦ β] = f]([α])f]([β]).

Ça�h� 2 (Functorial Property)
1) f : (X, x0) → (Y, y0), g : (Y, y0) → (Z, z0)
⇒ (g ◦ f)] = g] ◦ f].

2) id] = id.

¤� ÃZ�

(g ◦ f)][α] = [(g ◦ f) ◦ α] = [g ◦ (f ◦ α)] = g][f ◦ α] = g](f][α]) = (g] ◦ f])[α].
id][α] = [id ◦ α] = [α].

����"f π1�Ér Category of topological space with base point\�"f Category of
groupÜ¼�Ð ����H Functors���.

Applications
1. If f has an inverse f−1 then (f−1)] = (f])

−1 by functorial property.
∵ f] ◦ (f−1)] = (f ◦ f−1)] = id] = id.

����̧Ça�h� 3 f : (X, x0) → (Y, y0) is a homeomorphism.
⇒ f] : π(X, x0) → π(Y, y0) is an isomorphism.

��×�æ\� %3�x9�ô�Ç 7£x"î
�̀¦ 
���xt�ëß�, \V\�¦ [þt#Q R2ü< R2 − {0}_� fundamental
group�Ér y��y�� 0õ� Zs�Ù¼�Ð s� ¿º /BNçß��Ér homeomorphic
�t� ·ú§��.
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2. Brouwer Fixed Point Theorem

Ça�h� 4 Let f : D2 → D2 be a map. Then f has a fixed point, i.e., ∃x ∈ D2

such that f(x)=x.

¤� ÃZ� f�� fixed point\�¦ °ú�t� ·ú§��H���¦ ��&ñ

���.
g(x)\�¦ f(x)\�"f Ø�¦µ1Ï
�#� x\�¦ t�����H ìøÍf�����õ� ∂D2_� �§&h�Ü¼�Ð &ñ
_�
����,
�<ÊÃº g : D2 → ∂D2�� &ñ
_��)a��. 7£¤,

g(x) = f(x) + t(x− f(x)) where t > 0 and ‖f(x) + t(x− f(x))‖ = 1.

s�M:, g��H ���5Åqs��¦, ∂D2 = S1\�"f g(x) = xs�Ù¼�Ð, ��6£§ diagrams� com-
muteô�Ç��.

D2 g−→ ∂D2

i ↖ ↗ id
∂D2

s�\� @/6£x
���H fundamental group[þt�̀¦ Òqty��K� �Ð���,

0 = π1(D
2, 1)

g]−→ π1(S
1, 1) = Z

i] ↖ ↗ id]

π1(S
1, 1) = Z

s� ÷&�¦, 0 = g] ◦ i] = (g ◦ i)] = id] = id : Z→ Z s�Ù¼�Ð s���H �̧í�Hs���.
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