II. Review of covering space

Definitions and Examples

Aol 1 Letp: X—>X. Xisa covering space of X with a covering map p if
(1) p is onto and

(2) each © €X has a neighborhood U which is evenly covered, i.e.,

p Y U) = H V, is a disjoint union of open sets V, of X such that

acA
plv, : Vo — U is a homeomorphism, ¥ a € A.

Examples.

l.id: X — X.

2.p:R — SYcC) given by p(x) = ™.

3.p:C — C*=C-{0} glvenbyp()

4.p:8Y — SV givenby p(z)=

o] 2} Z+o] p‘l-J imageZ} n7) 91 A& n- sheeted covering -2 n-fold cover-

ing 0|2} Rer}

__—=?
%> identify
—

| »
>

139 1: 4-fold covering of S*
5. p S" — RP" = S”/ ~ where z ~ —z.
o] % quotient map p+= covering map©] = i1 53] two fold covering(double
covering) ©| Et}.
6. p:R? — T?=8"xS8' givenby (x,y)+— (e*™*, e*™).

Excercise. If p: X > X , q: Y — Y are covering maps, then
pxq:X xY — X xY is also a covering map.
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7. 3-fold covering of figure eight
obell 23} Zro) figure eight®] copy 3715 ZrelA] HA|SHZE thA] £0]H
S1ey

C >=
C > =
C >~

12

13 2: 3-fold covering of figure eight

u 7R oo g torus-J Brols 9S FEhA 2ol Hed, 2 2
I} torus®] 3-fold covering2 toruse] ™, genus’} 291 surface?] 3-fold cover-
ing2 genus”’} 49l surface’} & & 4 Ut}

Note. .

1. M is a (C*°-)manifold = M is also a (C*°-)manifold.

(F9) &z e Moj th3l p(x) € M 7} coordinate chart (U,p) & 7FX| 2L, &=
3} p(x) & evenly cover H = neighborhood V & 7}t o] wf UNV o o
A p (UNV)E DS B, o] T 28 283= UNVE copyZt AL 9]
copy 2} ¢ o p7} 29 coordinate chart & <o}

Exercise. C®- caseol| = o] 2 A A 2] = coordinate chartS o] A & C*®-relateT]
o] A& Holgt

2. M is orientable = M is also orientable. .

(59) "HA M2l Z+ A o orientationg FX}. M 9] orientation-2 local home-
omorphism p & ©]83}4] p(x)2] orientaions IHZE 7FAth &t} I8 H
Z+ x € Mol tha) orientation©] locally constant7} H = p(z)e] 2% UE
e & A, T3 p(:r)°ﬂ/ﬂ evenly cover ¥+ VE & ¢ Ut o] o
p(UNV) = [[W. % 25 E&3= W, oA orientation- poll &3 UNV <)

acA
orientation®} Z+O 2 F locally constant ] T}.
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3. M is a compact manifold, p is a finite sheeted covering = M is compact.
() M°] compactdt2Z evenly cover®]+ coordinate neighborhood -t
ME 9L 4 931, compact set®] finite union-S compact o] 22 X} 3}c}.

4. Every non-orientable manifold has an orientable double covering manifold.
(%) non-orientable manifolde] 73-¢- Z+ A ult} 271 ¢ orientation©] <& 2 3}
=1, 9] & double covering®] 7} sheeto]] 2] 5}o] &3 F orientation©] &
2= 2o}/ double covering manifold 7} orientabledtA] ¥HS 4~ Q)

o},

(ed]) Mobius band®] double covering2 ¥ .9l band”7} =6 ]+ annu-
lus®} 2831 3-fold covering2 T}HA] Mobius band 7} E o). 22 #H © & Klien
bottle®] double covering= torus7} &t}

= Annulus

Mobius band Double covering of Mébius band

13 3: Mobius band®] double covering

= Torus

Klien Bottle Double covering of Klien Bottle

23 4: Klien Bottle®] double covering

5. M o] orientable©] 31 genus7} gl 7%, ool & M%gﬁﬂix}
A9 Y& W} M= 9 A] orientableo] 22 y2 & ME ZAT 5 9l



oh(x = 2 — 2¢) 234, M7} n-foldg}d M9 triangulation M 9= 2
HV,EFEF o7t B2 y GA nuj7} Aot (x =V — E+ F) ¥]238
W 22 Mo| non-orientabled W % n-fold covering M o xE & F 2
orientability 7} 2R H ME ZHE 5 At}

Z:A)4. Let M, M be a closed surface. Suppose X(M) = nx(M). Is there a
n-fold covering M — M?

non-covering

713 5: non-covering

9 2 olA £ pimage B ZHO A= evenly coverH & & = 5
OB Z covering map®]  F Uk

&Y, o] Wl p= local homeomorphism®] ¥ =6, oJ™ map f: X — Y7}
local homeomorphismo)#h= AL 942l9] z € Xof t)3d}e] 22 neighborhood
Ut f(z)9] neighborhood V7} &A3}e] fly7F UL VAFel€] homeomor-
phismo] Hth= A ot}

Remark

(1) p~Y(x) is discrete.

(2) A covering p : X — X is a local homeomorphism, and hence, an open
map. N

(3) If p: X — X is a covering and A C X, then p~'(A4) & A is a covering.



