Lifting Property

A2l 1 (Uniqueness of lifting)
F 0]l covering pN.'()?,fO) (X, o) ol T3l Y7F connectedo] 3L f : (Y, yo) —
(X, 20) 7F lifting f : (Y, y0) — (X, o)< 7FA H, o] uniqued}C}-

o (X.@) -
af 7 I p:covering = f, alifitng of f, is unique if it exists.
(Y, vo) i> (X, o)

=
'8

f, f= £9) lifting o] 2} 33}
A={yeY|fy)=FW}>w

A is open :

y € Adl o3l f(y)<] evenly covered & _open neighborhood UE 2z}
a8 p L(U) =1, U013, A > fly) = f'(y)°lTh

aHEy e f- YU, N fi= 1( ») C A2 2 A7} open©]th

mA7IA R A = {y € Y|f(y) # F'(y)} = opene]Th.

IHY] Y7} connected ] 22 A° = 0] 2 o] 2 A uniqueness of lifting©] 4

= et 0

H2Ae] 2 (Lebesgue Covering lemma)
In a compact metric space, every open cover U has a Lebesque number, i.e. |
de > 0(depending on U) s.t. ¥ A C X with diam(A)<e, 3 U €U s.t. ACU.
'

DE {diam(A) € R| A is not contained in any U € U}e}al FA} o]H AE
"big set” o] 2} F =2}

I3 e=inf D >0¢ S HojH FHo] T i)

ket inf D7} 0 o] 2Fd Vn, 3A, : big set s.t. diam(A4,) < % ola1, z, € A, ¢l
{l‘n}o Zl—g 2> O]I;].

I89H X 7} compactG]-Ei z, — x(by passing to a subsequence)®l z7} &
A gkt

a9 25 2F3HE Uc Ul 25 = A4,(no] SE3]
AL °] = big setd] Aol REHTh
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A2l 3 (Unique path lifting property)

Let p: X — X be a covering map and let o : I — X be a path with a(0) =
xo € X and p(xg) = wo. Then « has a unique path lifting & : I — X with
a(0) =g i.e., poa(t)=at). Vtel.

ok

(Existence)

For each t, «(t) € X has an open neighborhood U; which is evenly covered by

HV}’,L . Since I=[0,1] is compact, we can choose a Lebesgue number € > 0 for

acA
a cover {a™'(Uy)|t € I} of I. Choose a partition of I,

O=ti<t1 <..< thye1 = 1 so that tiv1 — t; <, 1=1,..n.
Then note that aft;, t;11] C U, for some t and we lift oy, 4,1 inductively :
Suppose a4, is already lifted (note that the initial point x is lifted to o).

Then aft;, t; ;1] C Uy for some t and p~1(U;) = HVt,a and there exists a unique

acA
a € A such that a(t;) € Vi, .
And since ply,, @ Vie — U;is homeomorphism we can lift a|y,,,,,) using
(plvi..) ! and the proof is completed.
(Uniqueness)
The uniqueness follows from the uniqueness property of general lifting. 0

A2 4 (Covering homotopy property)

Let p: (X, %9) — (X, z0) be a covering.

Let f:(Y,y0) = (X,20) and [ : (Y,y0) — (X, Z0) be a lifting of f.

Then for a homotopy F :Y x I = X s.t. Flyxoy = f, there exists a unique
lifting F of F s.t. ]5|YX{0} = f

_ (X,@) X _ _
F A = AF S Lp st Flywg =]
Y,yo) L (X, 20) yxI 5 X




o o
Step 1. Lift F on U, x I for each y € Y.
o3 71 A y&] neighborhood U, &= 19| compactnessE ©]-& 3} construct Tt}

Sl

1) f(y x I) $1°l Al evenly cover %]+ covering {W,}= F=th

2) o] wl {f~'(W))}+= y x I9] covering®] =3l Z} A (y,t)utct f~H(W,)el &
3+%] = product neighborhood U, x V; & 52 ™ 19] compactness®l] &3l o] &
= F3NE y x IS coverd 4= QITh

3) ©] finite St product neighborhood &9l Al U, &9 intersection= U, 2t T
4) oholl U, x I'E lifts}7] §6to] 1o A 8] partitiong 0 ZF U, x
[ti,tii1]©] 2)ol A F2 finite product neighborhood®l] Z &5 & & 3ir}.

5) path lifting W} £} v}2F7F2] 2 inductivedHA) lifting o}

Step 2. Piece together ﬁ|ny1 to get FonY xI.
Steplo| Al Zty € Yol thall U, x IdelA F& B +dl o]so] A= F
FolA dXgS BoJH Y x [AA F7h 2 HoE e & 4 Uth

Z, 2 € U, n Ul 3l Fly,«r(2,t) = Fluy«r(2,1) Q& Hojof Fhr},
o] A& U0l A Bt U, oA Bty x IPj lifting©] 27 2+ initial point& 7}
A3l 99282 2 uniqueness of liftingol] &]3l XH= & o+ At} o

WEdY 5 a~fsan~i
714 a, B X2 pathE 03 &,5+= 22 initial pointE 7HA]+= lifting & ©]
o} wrelA] aff f+= &< terminal pointE& Zr=rf.



Some Consquences
1. 1 (Sl) =7

%™ Let p: R — S! be a covering map given by p( ) = e?miz,
If [a] € m(S', 1), then a can be lifted uniquely to & : I — R with a(0) = 0.
Define ¢ : 7(S',1) = Z by [a] — a(1). ¢ is well-defined by W57 2] 5.

o] ¢7} isomorphism ¢ & EO] 7] Y s WA homomorph1sm°‘ g Hojx}
o([a][8]) = ¢([axp)) —Oé*ﬂ( Jolar o] 7o) &(1)+3(1) L& Kol 7] sl 75

th=3 2ol B9kt

7: R — R be a translation given by 7(z) =z + a(1).

o W, v =+ (roH)ol AYUB WA ax (ro ) & A AEA
Z a(l) = (ro3)(0) AR AHRAL a9} f= E T} 004 23+ patho]
7= afl )U}ﬂ translation Al AFE mapo| B2, ﬂ( )= 7ol Y3l a(l)e 2 &
AR 3 G s (ro Bt & A Bk

t}S o7 g« (Toﬁ) 7} a x 39] lifting ol 8 o]z} N

Po(a*(Toﬁ)) (poa) = (po(rof)) = (Poa)*(P05)=04*5

TebA 0 =+ (ro )7k BEHL o] AR

ax (1) =ax(rof)(1) = (roB)(1) =7(B(1) = a(l) + A(1).

Fo& ¢ 7H1-1 g oA
T o([a]) =0 ol2FE a(1) =0 ©] Ho] a + 0= base pointZ 3= loop 7+
At} = [a] € m(R,0) = 00|22
0=pa] =[poa] =a] €en(S'1). Z [a] =00]|Th

}..

—~

u}x]ﬂPOE ¢7F ontod= Ho|7] sl V n € Zoll thall a(t) =nt , a =poa
23428, ¢(ol) =a(l) =n o] Atk WEHA ¢+= ontoo] .

O

2. Let X be a path- connected space and p : (X', zy) — (X, o) be a covering.
Then py : m (X, 7y) — 71 (X, z) is injective.

%™ Clear from Covering homotopy property (W57 ] 5) O



3.Let X be a path- connected space and p : ()?,fo) — (X, x) be a covering.
Then pymi (X, Zp) and pymi (X, Zy') are conjugate in 7 (X, zp).

W 79 )& A A3t path 75 F oW ThE diagram ©] commute T},

7-‘—1(‘527:5;)) & 7-‘—1()’27:5;),)
1 py 1y
m(X,z,)  CRPTT (X ,) .

A2l 6 (General lifting theorem)
Let p: (X, z9) — (X, o) be a covering and Y be a path-connected and locally
path-connected space. Let f: (Y,yo) = (X,20). Then

37 (Vo) = (X,@0)  alifting of f & fym(Y,y0) € pymi(X, o).
In this case fzs unique.

(X ) B
af ip - fimi (Y, yo) C pymi (X, 7o)
(Y7 yU) — (X7 xU)

/

3
=) N N N
=po fOolBE fy=piofy 1AL fimi(Y,y0) = ps(fymi (Y, 10)) C pymi (X, Zo).

o|N

~

—~

<~
]

o

o y e Yol hall f(y)& vk 2ol eIkt yohy Abol o] path p &
& fope] mpoll A Al=skE lifting fop ol thsll f(y) = fop(l) = 7
19 o] Zlo] vlz Yt f 7 Ak

WA [ 7F 2 AHQEAE HolAh F, 5o yArol2] pathe] 4ol &2
& Hoj7] f3ll, 05 ETHE path® T2k 28, fopx* foot loopZt H
2 7Hgel #l [fopx fool = filp+a) € pm(X, 350) °|tt.

webA fopx food lifting loopol i, foo(l) = fop(l) ©] HEZ f=

;g—@gﬂo—]_g_g 01-/\ 011:].

A HE =2

° X o
o 1o —

1

SO 7} A%g Holxh f7h A&Ug Hol7] s vy e V ol o
3 old =9 W, 7k YoIA flw, 7t ALoleks AL HojW FH3Th ¢ =
f(y)ell sl evenly cover® = 2 Uyt 9 f7F A% 0]al Y7} locally



path connected®] 22 f(W,) C U, & TZ3} path connected W, 7} S
stk 28 9W V2 € W, & y2EFE W, oA path .2 42T 5 i,
prTE Yo RFEH ZW}X]«] pathS Fth WebA f(2) = fo (px7)(1) = fopx

Fly) oA A=k liftingo] o,
EROE HIl o] pathol| A y&}
e o] &3 A U oAl V, 2o

= Wy?—u 0‘44 75 yoﬁH path®

25 e FES f& Bl AL U, £0

homeomorphsim p~'& A=A}

p~'(U,) = [[Va and f(y) € V, ole}a =1
acA

22 1,E o]&3lA flw, :p|‘_/a1 o flw, A &4 QA = fE pathe A

dlo] 2ahelois AR e TZA 4 ghol ok ebA fly, £ A%

ok,

ul2] 2O 2 uniqueness = Y7} connectedo] 22 A ] 10] Y&l THAT 4

V, ol A p~!%= homeomorphism ©]

Remark. This is a generalization of Unique path lifting property and Covering
homotopy property.

Z 2 Unique path lifting property= Y7} IQ1 ZA$o]al, YV x 19l A7}
Covering homotopy property ©] T}



Review of locally (path-) connected space.

1. Vo € X has a (path-) connected neighborhood. =-(path-) component is
open ( and hence closed).
Zv  clear 0

2. X : path-connected < X : connected and Vx € X has a path-connected

neighborhood.
3%  (=)clear
(«<)1.91 A path component+ open and closed o] 22 A -F7Fo] HTh

3. X : locally path connected = path-component = component
Zw dulAr o 2= co] A H =1 component+ connected ] 22 20 2]
3 =o] B} .

247‘/] 7 X is locally (path-) connected and p: X > X isa covering.
[fC’ is a (path-) component ofX then

(i) p(C) is a (path-) component of X.

(i) plg - C — p(C) is a covering.

% HW¢5 0

w2+ covering space theory o] A path-connected ¢l 732 A gt5to] = A3
o} St fundamental group= 5 A] ol 228 3} 7] 9] 3l A= path-connected €
227} e,

U] % 9] general lifting therorem- covering space theoryoll 4 7} S 23t 74
glo] a1 o] & A5 Al AFE3F7] 918 Al covering space theoryoll A Y2+ &
ZH=ol tisll EF path-connectedness, locally path-connectednessS 7}7% st

o of

ey



