I1.3 Category of covering space and deck trans-
formation group

Note. Assume all the spaces are path connected and locally path connected
from now on.

Aol 1 Given (X, ), consider a category of covering spaces (X,7) and
morphisms between covering spaces. B
A morphism of X; to Xy is a map ¢ : X; — X, such that the diagram
o~ —_~ ¢ ~ ~
(Xi,z1) = (X, 3)
PN\ D2 commutes.
(Xv 1‘0)

=, 9] diagram ©] commute$tt}= 2 fiberE fiber2 R lithE= So] AT
7§NE] 1 Let p; : )?l — X,i = 1,2 be covering maps. Then a_morphism ¢ :

(X1,71) = (X9, T2) ezists if and only of pymi (X1, x1) C paymi(Xa, Ta).
In this case, ¢ is unique.

Z ™ morphism< 22 # © 2 lifting©] = 2, General Lifting Property®l] 2] 3}
A} 5T} uniqueness 9 A] lifting®] uniquenessol] ¢ 5fod x} s}t 0
A2l 2 A morphism ¢ is a covering map.

Zn] Exercise. 0

Note. ¥4 0 2 commuted}= diagram
X 5y

QN T
A

o] ;] 27 7} covering©] M Y A = coveringd = 2 L 4 At} (Z7} universal
covering= 72 ul])

A2 3 Let p; X% — X,i = 1,2 be covering maps. Then there erists an iso-
morphism ¢ : (X1, 71) = (Xa, @2) if and only if pyymi (X1, 1) = poymi (Xo, T2)

37 (=) B9 1€ Fxow Agsta Agtch

(<) A 1ol 93te] morphism ¢ : (X1, 7)) — (Xp,Ta), ¢ 1 (Xp, ) —
(X1,71)7F SR8, o= T1e 11 02 B+ lifting o] 22 uniqueness©]|
9] 3} identity mape] E Tt} U7X ZE ¢ o v = identity mapO| B ZE, ¢
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isomorphism©] % T} 0

9] A o) A base pointe} FH3}A thS Lol AL <& 5 )

2 A2] 4 Let P X — X,1=1,2 be covering maps. Then there exists an
isomorphism ¢ : X; — X, if and only if pwm(Xl,xl) and pzwl(Xg,xQ) are
conjugate in m (X, x) for some x = p1(T1) = po(T2)

27 dEoA Ao 7 por (X, T0) % pymi (X, 7))2 conjugate & &1
Jome A senie 1Y + Ytk .
Aol 2 An isomorphism g : X — X is called a deck transformation (or a
covering transformation). The group of deck transformations is called a deck
transformation group and will be denoted by G in this section.

Note.

(1) g,h € G, h(F) = g(F) for some & = g = h. Hence G-action on X is free.
o] 212 morphism-& lifting ©] 2= AFA 2 FE] uniqueness©l & &}of &< &fch.
(2) G acts on p~'(z) (as a permutation group.)

S, v €p Ha)oll st pog(x) =p() = xo]B=, ¢(7) € p '(x)°] Tk

(3) g € G and g(xy) = 1, then what is g(y) for y € X7

general lifting property oi] A1 /\]'%@ argument 2 F-E] 7oA y= 7}+= path&
il o] pathE XY= Wd & 7,004 &28= path= ThA] =2|E I 23
o] BF=Z g(y) ol th.

(%1) Group Action

Let G be a group. G acts on a set X on the left if

Ja:G x X — X, denoted by g -z := a(g,x)

such that (1) (g-h) -z =g-(h-2), (2) e- 2z = x, where e is an identity in G.

e Orbitof x =Gz ={g-z|ge G},

e [sotropy subgroup at =G, = {g € G | gx =z}

e The action is said to be free if g - x = x for some x implies g = e.

e The action is said to be transitive if G - = X for some x € X.

e AWHO T G/G, =G -wo] AT

(9o :G/Gy — G- 25 ¢(9G,) = g- 22 B2 3FH well-defined ©] 31 bijec-
tiond = 7l E =

gr —
(57) C = %tﬂs_, D1 Gy=Gyiggey D 97 Gurg oA LF2TH



Action of paths on fibers

Given o from z( to xy, a lifting o de-
fines a bijection 0, : p~t(z9) — p (1)
where 0,(5(0)) = o(1)

Note. (a) o~ 7 =0, =0,
(b) Opir = 0,00,

2] noteol] &t 0,005 = 0,5 = 0, =
idO) 22, 0, bijection 42 <}

1% 1: Action of paths on fibers

uhehA,

(1) [p~ (o) = |p~" (21)]

(2) Have a 7, (X, x¢) (right) action on p~!(z):

To-[a] = 0.(Z0) 2 3 5HH £ Note (a)ol] &5t 2 A 2] = 1, Note (b)l
25t} Zo - ([0][B]) = aus(T0) = 05 0 ba(To) = (%o - [o]) - [B]7F ATk =T
constant loopS 22| ™ constant loop7} F 7] W&ol 7, - 1 = 797} A H 5}
right action®] 2] H o}

Isotropy subgroup at zy = pym ()?, Tp):

(%) (C)TFSF [a] € Isotropy subgroup at 72, Ty - [a] = 7] B2 a+=
IIE/)]_opﬂ- At [d] € m (X, T) N A FHoll py & A3 [o] = pyla] € pymi (X, o) 0]
2)Fdoz [ € pm(X,50)E &2k 28 o [3] € m(X,To)oll hsl
pe(18)) = 18] oIek. o], 5o} lifting S § 2 8 p3] = [po ] = [8] = mlF].
ek B =pof~pofO|ER 3~ (' o] Hil, §'2 loop °|ERZ X loop 7}
Aok mehA fg(1) = 20 S HHATH

(3) X : path connected = m-action is transitive.
fiber /4] oo + A A@3h= path7h 1222, o] path®] p-image=
loop7}F & 32 o] Aol 2] 3k actionS A ZHatH =} 3}et.



A AN ZRE OS2 & 5 Atk
p~ (o) =2 (X, m0) /pymi (X, o)

S48 5 If X is simply connected, i.e., m (X) = 1, then p : X > X isa
homeomorphism.

S 7 (X, x)0] trivialo] 22 9] subgroup ¢! pﬁm()?,ig) A A] trivial s}C}.
ek [p(z)] = |m (X, z)| = 1°] H o] p& 1-1°] At A&l covering map p
+ onto, continuous, open map©] P LB E pi= homeomorphism ©] At}

Actions of G and (X, zy) on p~'(x)

Notation. G= deck transformation group
IT = 7T1(X7 I), Y = pil('x)a Hy - pﬂﬂ-l(Xv y)

1. Two actions commute, i.e., ¢(Z - [a]) = ¢(Z) - [a].

S po(goa)=poa=a °|BE goat
a2 lifting %—% ottt ojuff, g o @ A ZF
A g(T)o]BER, m-action®] o o}

il 9(@) - o] = (g oa)(l)eltt. 2™,
gla(l)) = g(z - [a]) ol2 =
7) - [a]e] A u

12 2: Two actions commute

2. (a) By general lifting theorem (X 22 A 239 2]3l) , dg € G such that
9gy) =y < 1, =11,.
(b) In general, II,.[o) = [a] 'L, [c].

—_—

H~



(¢)| 3g € G such that g(y) =y - [a] < [a] € N(II,)

o} 714 N(I1,)+ 11,9 Normalizers 23ttt , [o] € N(IL,)+= [o] 'L,[a] =
IT SHC}.

(d) Define a homomorphism ¢ : N(II,) — G by 0([a])(y) =y - [

(93714 6([a])E= deck transformation©] 22 uniqueness©l] 2]3l ot 2] im-
age 0([a])(y)oll ol &A3] Z2HHA )

M 2] 07} homomorphism 92 H o] A}

O([][B])(y) =y - ([e][B]) = (y - [o]) - [B]

= (0([a])(y)) - [B] = 0([a])(y - [8]) (- Two actions commute.)

= 0([a])(0([B]) - ) = (0([])0([5])) (v)

f is onto:

Qe)o) Folzl g€ Goll el ' = g(y) et FAR AT AT yolq y = Fhe
pathe} T2 12 @ loop o = poaol thal y = y- [o] o] F2 912 2(c)el
218ko] [a] € N(IL,)o] T},

A e O 2 ker) = {a e N(Hy)|y [a] =y} = Hy%]‘% I JoBE O
= 9=t

N(IL)/I, = G

ojuf, N(IL,) /I, = G¢ isomorphism< 0,2 Tt =, 0,([a]) = 6([a]).

Remark.
(1) 6, depends on a choice of y € p *(z).

(2) X is called a universal covering of X if X is simply connected, i.e., X is

path-connected and 71 (X) = 0. In this case, it follows that m (X) = G.

%A 6. Universal covering®] 7%, 0,7}y A8 ol mpe} A B A GetA] =717



9] 3 A covering p : (X,T) — (X,z) is a regular (or normal) covering if
pym1 (X, 7) is a normal subgroup of m (X, z).
Note. The notion of regular covering is independent of choice of base point,

Le., if p: (X,7y) = (X,xz¢) is a regular covering, then p : (X,7) — (X, z) is
also a regular covering.

%‘[5 7Tl()N(,fo) % Tl()?,f)
il 1 py
n(X,z) 2 m(X,7)

pE Lol A 22 b= pathz} SHAL, p = po p2} SHH, ¢,, ¢ = EF isomor-
phism©] 31, ¢] diagram©] commuted} 2 & p,m (X, To) O] m (X, 29)2] normal
subgroup©] ™ p,m (X, T)°] m (X, z)8 normal subgroup©| ¥ tf. 0

A2 6 p: X > X isa reqular covering < G action on p~'(x) is transitive.

S p7} regular coveringo]2h= A2 oW y € Xof tiste] N(II,) = 1=t
£ A Aotk WA, N(II,) = 2, 999 ¢ € pl(z),z = p(y)°l
th3te] yol Al ' 2 & 7}= path a7 A8 o] A p-imageE azhal 3HH
[a] € T = N(IL,)o|3 y =y - [a]elth Wb, 2.(c)oll &3te] g(y) = y'<
geG7F EANGFER p~l(x) =G - yolth

Fo 7z plz) =G -y, 49 [o] € ol Th&}tod, g(y) =y - [a]2 g7} &
Astr g 2.(c)oll & 3to] [o] € N(I1,)7F H o] N(II,) = 17} At} 0

Application. If IT = 7 (X)) for some X and I is a subgroup of IT of index 2,
then I' < II. B B

% 02 de) AWelol wheh pmy (X, 7) = 7} 5 covering X 7F 24541,
index”} 20] 22 9] covering- double covering®] At} o] wl], Z} fiber? F
AL A F3+= map2 deck transformation©] ¥ 3 deck transformation group
G+ order 221 group©] ¥ 22 G-action- transitived}A] o}, whehA], 92
Ao M T <Y & 5 Atk 0



AuH O 2 group G7F set X ol actdh= %ol orbitEe] EY {G -z |z €
X}& orbit spacegtal dFal, G\ X2 £t} o] ul]; cannonical projection ¢ :
X — G\ X 7} surjection ] 22 G\ X 9| quotient topologyS =T}, ojuf], ¢ &
quotient map©°]gtal 2=t}

A 7 Ifp: X > Xisa reqular covering, then X = G\)?

21 quotient map ¢ : X — G\ X< 42354, Az 69 o sto] g7} vi=
covering map p2} X TATH= 22 & 5 A, WA X =G\ Xolth.

9 Relel AL a7 9 stel thee FReh

Aol 4 A group action (G, X) is called a covering action if
(1) G-action is free
(2) Yz € X, U a neighborhood of Z such that ¢(U)(U = @, Vg € G.

e 8 If (G,)N() is a covering action, then the quotient map ¢ : X — G \ X
1S a reqular covering.

%7 covering action?] Z7 (2)°l wa}, 42]9] 7 € Xof ths] %2 neighbor-
hood U7} &R 8+e] ¢(U) S o] 5 disjoint3-A] Btk wabAl, ¢(7) € G\ X9
neighborhood ¢(U) 7} HFZ evenly covered neighborhood 7} =] ¢, ¢7} covering
map©| HAT} ojul], GO YAEL deck transformation©] = 11, orbit space]
o)l whe}, G-action©] transitive Y= FA ST webA], F 2] 60 st
regular covering©| ¥ T} 0

LA 7. Let p: X > Xbea covering map. Show that X is Hausdorff if X is
Hausdorff. Is the converse true?
2

(Hint. Let f B2\ {0} &2\ {0} be given by /= (- | ), and
2
consider the action (G,R?\ {0}) where G =< f >~ Z.)



