ITII.1 Amalgamated product

Aol 1 G,Gy, G, : groups with f; : G — G;, homomorphism for 7 = 1, 2.

F' := the free group generated by G Il G5. Denote by z - y the product in F.

R := the normal subgroup of F' generated by the words (zy)-y~'-z7,
where both z,y € G; , i=1,2 and f1(2) - fo(2)™" for z € G.

The amalgamated product of G; and G, over G, G, (*;'GQ :=F/R

Remark. G, x G, .= G, {T} Go

Note. Gy
f1 /‘ \: g1
G % G, (’5G2
f2 \( /‘92
Gs

where the canonical map g¢; : G; HFPAFR /R =G * (5 is a homomorphism.
Then ¢ f1(z) = gof2(z) by the definition of F/R.
2. universal property of amalgamation

(a) Suppose h; : G; — H is a homomorphism with Ay f1 = ha fo.
Then 3! homomorphism A : Gy 2G2 — H such that hg; =h; , 1=1,2.

(b) If H is generated by hy(G1) U he(Gs), then h is onto.

G,
fl/‘ \91 \}h
G ~ &g@ﬂm
fZ\: /92 /‘hQ
Go
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(a) Define A’ : F — H as the unique homomorphism determined by the con-
dition h/|g, = hi.



R C ker(h'):

R generator (zy) -y L fi(2) - fo(z)7 1ol S A 2t check3td H .
hi(zy)hi(y= ) hi(z7) =1 for T,y € G’l,
ho(zy)ha(y=')he(z~t) =1 for z,y € G5 and

hi(fi(2)ha(fa(2)7") = hlfl(z)(h2f2(z))_1 =1(hfi=hafs)

-.3h: F/R — H.

vv

Gi oA I = h; = hi = h'i = hpi = hg; = hg; = h;

G; HSFY% H
gi \\ ™M p ~ " h o diagram commutes from definitions of g; and h.
Gl ZF: Gg

F/R

Uniqueness is obvious since h is already determined on ¢;(G;)
and g1 (G1) U g2(G2) generates G4 EGQ_

(b) Suppose Va € H is a = aja - - - a.
aj € hi(G1) U heo(G3) = aj = h; (:1:]) for i =i(a;) = 1 or 2
= a = Illa; = IThi(z;) = Ihg;(x;) = h(Ilgi(z;))

P
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()Gl*GQ Gl*GQ/F
Where [ is the normal subgroup generated by fi(z) - f2(z)*
(2) f1 : onto = g : onto
B fi: =2 = g:=



3. Group presentation.

%‘ﬂ 1 Gl :<$1a"'axn|r1a"'ark>

G2 =<Y1," " 1ym|81a"' , 81>
1 /Gy
G =<z, -,%| any > with G
Jo N\ G2
:>G1éG2 =< T1y°  Tpy Y1, aym|7‘la"' yTky S15,° 77 5, 81 and fl(zi)fZ(Zi)_l
fori=1,---.,p>
%t(t)‘ Let §:< T1y°y Tpy Y1, :ym|rla"' yTkyS1,° 77 5 S1 and fl(zi)fQ(Zi)_l
fori=1,---,p>.

Deﬁneqﬁ:@—)GlgGQ by
T — 0 (”xi”) (”xi” c Gl)
yi = 92"y")  (Cyi” € Ga)

1 =@y 2y in G = () = bl wy,) = 01(72”) 1 (Cw”)
— 91(”%'1 . 'xik”) — 91(”7"1'”)

Similarly ¢(s;) =1

o(f1(zi) f2(2) 1) = g1(f1(2:))g2(fo(2:)) T =1

= ¢ is a homomorphism.

For the converse, use universal property:

ot diagramoll Al hy(2;) = @, ho(y;) = y; 8 A G B ol & hy fi(z) =
hafa(2) 7} A3 B3k WA universal property ol 2] 3

G,
h N g1 \f1
El!h:GléGg—)ES.t. G ~ GG AG commute.
f2\1 /‘92 /‘hQ
Gy

Now ho(z;) = hgi(x;) = hi(x;) = x; and

ho(y;) = hga(y;) = ha(y;) = y;
= hé =id.



dh(g1(z;)) = pha(zi) = ¢(z:) = g1(z;) and
dh(92(y;)) = dha(y;) = ¢(y;) = 92(y;)

= o¢h =id.

.. ¢ is an isomorphism with inverse h.

4. Special Case

Gy = {1} (OI" Gy = {1}) = Gy éGz = GQ/ < fQ(G) >1

1< £2(GQ) > is the normal subgroup generated by fo(G)
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