II1.2 Van Kampen theorem

A2l 1 (Van-Kampen theorem)
Suppose X = UUV with xo € UNV where U,V and UNV are open and path-
connected . Then (X, xo) = m (U, x9) * m1(V, 29) where the homomorphism

1 (UNV,z0)
for an amalgamated product are induced by inclusions.
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Ak wy (U, zo) * m1(V, 29) — m1(X, x9), a homomorphism by universal prop.
7 (UNV,z0)
Show h is (i) onto and (ii) one to one:

(i) h is onto : use 2(b), i.e., show hym(U) and homi (V') generate m(X):

Va € m(X), use Lebesgue lemma to obtain o = oy * -+ - % ap,
s.t. o 1= O"[ti_hti} CUorV.

Choose a path p; from xy to «;(t;) lying completely in U or V/
and let p, = py = constant path z,.

Let a; = p; 1 * a; * ;.

Then [o] = [ % - - *xap] = [a7 * - - x 0] = [oq] - - - [0] and
each [072] € h17Tl(U) or h27T1(V).




(ii) A is one-to-one i.e. show ker h =0:

Suppose h([aq]---[ap]) = 1, where [o4] in either 7 (U) or m (V) and show
[a1] -~ [op] = 0 in m (U) * m (V).
ﬁl(UﬂV)

ap * -+ *xap ~ 1in X by hypothesis
iEIF:IXI—>X=UUVWithF0:a1*---*apandF1:xo.
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Using Lebesgue lemma, can partition / x [ fine enough so that

(1) F(each O) C U or V and

(2) partition contains end points of domain of each «; so that
01 = Q11 * Qg %+ -k g4y,

Op = Qp1 * *apip-

Choose and fix a path p, s from z, to F(t,,ts) once and for all s.t.
prs C{zo}, UNV,U,V respectively if F(t,,t;) € {zo},UNV, U,V respectively.

Let Or,s = Pr,s ¥ Ors, * Pry1s and Tr,s = Pr,s * Trs * Prst1,
where o, ; and 7, ; are short paths given by the following picture.
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Claim: Oy % Tpp1,5 ~ Tps * Opsp1 in U or V.
(Proof is clear as in the following picture.)
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In Wl(U)(;m@)(V),
[on] -+ - [ap] = [ani][@ia] - - - [Qugy | - -~ [Qgn] -+ [Gpsy ]
[
= —

Owulc} applying claim
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= [zo][wo] - - - [o]
- [l‘o] =1
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