
IV.1 Descriptions of higher homotopy groups

Notation

In = I × · · · × I
︸ ︷︷ ︸

= the unit n-cube

n ={t = (t1, · · · tn) ∈ Rn|0 ≤ ti ≤ 1, i = 1, 2, · · · , n}
∂In = boundary of In = {t = (t1, · · · tn) ∈ Rn|ti = 0 or 1 for some i}

1st description

Fn(X, x0) := {α : (In, ∂In)→ (X, x0)}
α, β ∈ F n ���������
	���
 , α ∼ β ⇔ α ' β rel ∂In ����� 	��� �
	����� ,

πn(X, x0) := Fn(X, x0)/ ∼
������ ��� 	 .  ! "$#% & πn(X, x0) '( )*,+.-/102 3 [α](eqivalence class of α) ��� � 	 .
��4�65�7 πn(X, x0)

���
group structure 89 :<;=?> 	 .

α, β ∈ Fn(X, x0)
�������A@CBEDGF

α ∗ β(t1, · · · , tn) =

{
α(2t1, t2, · · · , tn) 0 ≤ t1 ≤

1
2

β(2t1 − 1, t2, · · · , tn)
1
2
≤ t1 ≤ 1

����� 	��� �
	��� , [α][β] := [α ∗ β] � 	H�� IGJK '( �
	L���� , ��� 02 3NM
OP IGJK '( �� ��� 	 .QR S , α ∼ α′, β ∼ β ′ ��� ���� α ∗ β ∼ α′ ∗ β′ ��� � 	 .(check).TUWV � �� π1 '( XZYK\[]_^` ab Sdc Oe?fg & ��� [h1ij ( ���lknm t2, · · · , tn fg &Noqprts] ij uvxwy z )
(α ∗ β) ∗ γ ∼ α ∗ (β ∗ γ), α ∗ x0 ∼ x0 ∗ α, ᾱ ∗ α ∼ α ∗ ᾱ { 	}|�~K����� �
	��� ij
πn(X, x0) 02 3 group ������ ��� 	 .
(
��
�� � DGF ᾱ(t1, · · · , tn) := α(1− t1, t2, · · · , tn))

2nd description

Observe that π1(X, x0) = [(S1, 1), (X, x0)]
= the set of homotopy classes of maps f : (S1, 1) →

(X, x0)
Similarly,

πn(X, x0) = [(Sn, e1), (X, x0)]
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����knm , e1 = (1, 0, · · · , 0) ∈ Rn+1 ��� � 	 .
��� XZYK\[] α, β : (Sn, e1)→ (X, x0)

�������A@CBEDGF
α ∗ β 02 3�� 	���B TU��L����� c Oe ��� IGJK '(���02 3 (Sn, e1)→ (X, x0) '( map �� �����R�� �� �.� 	 .

3rd description

Use loop space Ω(X, x0) and view π2(X, x0) as π1(Ω(X, x0), x0).��� XZYK�[] π1(Ω(X, x0), x0) 89 : IGJK '( �
	�� ���  @CBADGF function space Ω(X, x0)
���

topol-
ogy { 	�¡q¢£¥¤¦ �
	 � 	 .
Topology on a function space

The most commonly used and useful topology for a function space is the
compact-open topology.

��4�65�7 Y X := {f |f : X → Y, a continuous function} � 	H�� �
	 > 	 . TU§V � �� ;= �©¨«ª
¬�
Kcompact ⊂ X ^` U open ⊂ Y

���¥���A@CBEDGF
S(K,U) := {f : X → Y |f(K) ⊂ U} � 	�� �
	�����

S := {S(K,U)|Kcompact ⊂ X,U open ⊂ Y } 89 : subbasis ij c O­ 02 3 Y X '( topol-
ogy 89 : compact-open topology � 	��� ®�¯° � 	 .
±² ³�´�µ 11

1. Y is Hausdorff ⇒ Y X is Hausdorff.
2. Let (Y, d) be a bounded metric space. Then Show that id : Y X

d → Y X is
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continuous.(
��
�� � DGF Y X

d
02 3 metric topology { 	 ;= �©¨«ª
¬� w¶�·�¸�¹º ��� �� Y X 02 3 compact-

open topology { 	 ;= �©¨»ª
¬� w¶�·�¸�¹º ��� � 	 .)
3. Let X be a compact Hausdorff space and Y be a bounded metric space.
Then Y X

d = Y X , i.e., topology of uniform convergence is same as compact-open
topology.(  ! "¼#% & 2 '( X�½£ �� ij ¾=À¿ 7 topology of uniform convergence { 	 compact-
open topology Áj � 	 finer �
	 � 	 02 3 XÃÂÄÀÅ9 :ÇÆ ¹º � 	 .)
ÈÊÉËÍÌÏÎ 1 Let ϕ : Z × X → Y and let ϕ̂ : Z → Y X be the induced map defined
by ϕ̂(z)(x) = ϕ(z, x). Then

1) If ϕ is continuous, then ϕ̂ is continuous.
2) If X is locally compact Hausdorff, then ϕ is continuous if and only if

ϕ̂ is continuous.ÐÑÓÒ�ÔÊÕË 1) ϕ̂ { 	 continuous Ö ¬� XÃÂÄÀÅ9 : Áj ��� 02 3 XÃÂÄ fg & ;= �©¨»ª
¬� ϕ̂z ∈ S(K,U)
�������E@CBADGF

ϕ̂(V ) ⊂ S(K,U) Ö ¬� z '( neighborhood V { 	}×Ø &\Ù BHÚ
ÛÜ Å9 : Áj ��� 02 3 XÃÂÄ �� c Oe?fg & XÃÂÄ Ö ¬�ÝßÞ
,

ϕ is continuous ⇒ ∃V , a neighborhood of z such that ϕ(V ×K) ⊂ U (
�áàãâ�ä� ���å�æç¥èáé� XÃÂÄ�êÊë�ì�íî K '( compactness 89 : ��� �ï � @CBEDGF [h ®�¯°ñð©ò '( product neighborhood 89 :

subcover ®�¯°ôóõ V 89 :÷ö 4��ø æù ) ⇒ ϕ̂(V ) ⊂ S(K,U) ��� �� ij ϕ̂ 02 3 continuous ��� � 	 .

2) ;= �©¨»ª
¬� ϕ(z, x) ∈ U open ⊂ Y
���d���E@CBADGF

ϕ(Vz×Wz) ⊂ U 89 :xú ¹º Qb S�û �nüq� 02 3 Wz
^`

Vz { 	�×Ø &}Ù BÏÚ
ÛÜ Å9 : Áj ��� > 	 .��4�65�7 X { 	 locally compact Hausdorff ��� �� ij ϕ̂z(W̄z) ⊂ U 89 :<ú ¹º Qb S�û �nüq� 02 3 x '(
relatively compact neighborhoodWz { 	ý×Ø &\Ù BÏ�
	 02 3 XÃÂÄÀÅ9 :1Æ ¹º � 	 . QR S ϕ̂z ∈ S(W̄z, U).þÿ ®�¯° ϕ̂ { 	 continuous ��� �� ij ϕ̂(Vz) ∈ S(W̄z, U) 89 : ú ¹º Qb S�û �nüq� 02 3 z '( neighbor-
hood Vz { 	\×Ø &\Ù BÏ�
	 02 3 XÃÂÄ Å9 : � OP �� � 	 � 	�DGF ϕ(Vz ×Wz) ⊂ U ��� � 	 .
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�����Ñ � ÈÊÉËÍÌÏÎ 2 X is locally compact Hausdorff. Then Y X×X
ev
−→ Y (evaluation)

is continuous.

ÐÑÓÒ�ÔÊÕË êv : Y X → Y X is an identity map and apply the above theorem.
exercise X is a locally compact Hausdorff space. Then Y X×Z → (Y X)Z is a
homeomorphism.

���
	�� � 	 û � πn(X, x0) ij 
� " � 	 { 	 > 	 .
Now Ω(X, x0) = (X, x0)

(I,∂I) ⊂ XI .
Compare π2(X, x0)(= F2(X, x0)/ ∼) and π1(Ω(X, x0), x0)(= Ω(Ω(X, x0), x0)/ ∼
).
TU�� ¨«����

α : I1 × I2 → X
1−1
↔ α̂ : I1 → XI2 '( �� � ð�� ��� '( @CBEDGF

↘ ∪
Ω(X, x0)

α ∈ F2(X, x0) ⇔ α̂ : (I, ∂I) → (Ω(X, x0), x0) ⇔ α̂ ∈ Ω(Ω(X, x0), x0) { 	�|�~K�����®�¯° � 	 . þÿ ®�¯° � O� '( IGJK V � ��� '( @CBEDGF α̂ 02 3 continuous ��� � 	 . QR S
∧ : F2(X, x0)

1−1
↔ Ω(Ω(X, x0), x0)

��� � 	 .
þÿ ®�¯° α, β ∈ F2(X, x0)

��� ���A@CBEDGF
∃H : I2 × I → X, homotopy between α and β (I2 = I1 × I2)

bythm
⇐⇒ Ĥ : I1 × I → XI2 , homotopy between α̂ and β̂��� |�~K����� �
	 �� ij α ∼ β ⇔ α̂ ∼ β̂ ������ ��� 	 .
� 	 � 	�DGF ∧ : π2(X, x0)

1−1
↔ π1(Ω(X, x0), x0)

��� � 	 .
� 	�� ��������� ij

α̂ ∗ β̂(s) =

{
α̂(2s) = α(2s,−)

β̂(2s− 1) = β(2s− 1,−)

��� �� �� ij α̂ ∗ β̂(s) = α ∗ β(s,−) = α̂ ∗ β(s) { 	 �� �©¨
α̂ ∗ β = α̂ ∗ β̂ { 	 |�~K����� ®�¯° � 	 .

∧ is a canonical isomorphism between π2(X, x0) and π1(Ω(X, x0), x0)
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In general, πn(X, x0)
∧
= πn−1(Ω(X, x0), x0)

i.e. α ∈ Fn(X, x0)⇔ α : In−1 × I → X
⇔ α̂ : In−1 → XI

↘ ∪
Ω(X, x0)

��� 02 3 π2

XZYK\[] ^` c Oe fg &! #"$&%('� �� ij ∧ { 	 canonical isomorphism )�*î Å9 : � OP s] )�*+ � 	 .
� 	 � 	�DGF π3(X) = π2(Ω(X)) = π1(Ω(Ω(X))) = π1(Ω

2X), · · ·
πn(X) = π1(Ω

n−1X) ��� |�~K����� ®�¯° � 	 .
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