IV.1 Descriptions of higher homotopy groups

Notation
I" =1 x --- x I = the unit n-cube
\q/_/
n ={t=(t1, - t,) ER0<t; <1,i=1,2,--- ,n}

OI™ = boundary of I" = {t = (t1,---t,) € R"|t; =0 or 1 for some i}
1st description

F.(X,zo) :={a: (™ 0I") — (X,x0)}
a,3 € Froll t]ste, a~ < a~ [ rel 0I"o|8}al 3},

(X, xg) = Fo( X, x0)/ ~

o] Attt EE 7m,(X,x0) & A+ [a](eqivalence class of a)©] T}

HA 7,(X,z0)° group structure & FA}.

a, B € Fo(X,x0) © sl A

o Oé(2t1,t2,"‘ 7tn)
a*ﬁ(tlv 7t’rL)_{ 5(2t1—1,t2,"' t

<
<
ol 23 51, [a][f] = [a+ §] B3 A5, o] 2 Aol

S a~a,f~0F ol axf ~a x 3]t} (check).
283 me B9 B o7 (ol by, b, = AFE AF)
(axB) sy ~ax(Bx7), axzg~zoka, axa~axa 7} JHFEE

7Tn()(a :L‘O)% grOUPO] %D}
(AZNA alty, - ta) == a(l =t 1o, 1))

2nd description

Observe that m (X, zo) = [(S', 1), (X, z0)]

= the set of homotopy classes of maps f : (S',1) —
(X’ xO)
Similarly,

ﬂ-n(Xv 330) — [(Snv 61)7 (X7 560)]




ol wf, e; = (1,0,---,0) € R*" o]}

o] A a,0: (5" e1) = (X,zo)oll HAA axfE ote] ZTHF Zo] FoH
< (8" e1) = (X, 20)2] map 3} tf-5-H

3rd description

Use loop space Q(X, zg) and view ma(X, zg) as m1(2(X, x¢), xo).
o] A% m (X, 1), 70) S AL 3}7] 93 A function space Q(X, xq)l topol-
ogy7F 2 8 3}t

Topology on a function space

The most commonly used and useful topology for a function space is the
compact-open topology.

WA YX .= {f|f: X — Y, a continuous function} 2}l }&}. Z&)|31 Fo] X
Keompact < X QF gorer c Yol A S(K,U) :={f: X = Y|f(K) c U}z
SUR SR

S = {S(K,U)|Kempact ¢ X U C Y}S subbasis @ 2t YX9] topol-
ogyE compact-open topology 2}il 3tr}.

%A 11
1. Y is Hausdorff = Y¥ is Hausdorff.
2. Let (Y,d) be a bounded metric space. Then Show that id : ;¥ — Y is



continuous. (¢} 7] A V¥ = metric topology 7} F0] 2 F7Fo] a1 Y X = compact-
open topology 7} 2] 2l F7ko]t})

3. Let X be a compact Hausdorff space and Y be a bounded metric space.
Then Y;¥ =YX i.e., topology of uniform convergence is same as compact-open
topology.(&& 298] A3}2 F-¥ topology of uniform convergence 7} compact-
open topology ¥ t} finerstti= 2 & Qt}.)

A 1 Let o : ZxX =Y andlet ¢ : Z — YX be the induced map defined
by p(2)(z) = w(z,x). Then
1) If ¢ is continuous, then ¢ is continuous.
2) If X is locally compact Hausdorff, then ¢ is continuous if and only if
© 18 continuous.

3% 1) $7} continuous ¢l AE Hol= AL Fo A ¢, € S(K,U)° o3l A
2(V) C S(K,U)Q) 2] neighborhood V 7} £A3H& Hol = A3 22 Al

¢ is continuous = IV, a neighborhood of z such that p(V x K) C U (¢ A |
§‘HT§_ 7}1%4 Eﬁ] KP,] Compactness—g— O] —%—6‘“ /\i %@’7“9/] pI‘OdUCt neighborhood%
subcoverdt 3 VE AH) = (V) C S(K,U) |2 Z p+ continuous ©] t}.

2) 017 p(z,x) € U C Yol thal A o(V, x W) C US BEA 7= W, 9}
V.7} EA S Holat

H A X7} locally compact Hausdorff o] 22 &,(W,) C US WEA 7= v 9
relatively compact neighborhood W, 7} &A] &= A< ¢ty =, € S(W,, U).
T3 7} continuousO| &2 H(V,) € S(W,,U)E TEA 7= 29| neighbor-
hood V.7 ZA45H= A& @ wekA (V. x W) C Uolth,

O



w5 A 2 X is locally compact Hausdorff. Then Y X x X %Y (evaluation)
18 continuous.

Zm ¢v: YX — Y¥ is an identity map and apply the above theorem.
exercise X is a locally compact Hausdorff space. Then Y**Z — (YX)Z is a
homeomorphism.

oA THA] 7,(X, 9) 2 & OF7FA}.

Now Q(X, .I'o) = (X, .1'0)(1’8[) C X1
Compare (X, o) (= Fo(X, z0)/ ~) and m (X, x0), o) (= Q(Q(X, x0), o)/ ~
). 13

a: L xI— X 'S a: I — Xk @A o)A

N U
Q(X, l’o)

a € Fy(X,z0) & a: (1,01) — (UX,x0),20) & & € QQUX, x0),70) 7F B H
ghot. B35 9Fo] Al 9 sjA] d+= continuouse|th. &

At Fy(X, 20) © QX x0), m0) ©] Th

—‘u;—-éj-— aaﬁ € FQ(X7x0)oﬂ EH%H/\‘]
JH : I? x I — X, homotopy between a and 3 (I* =1, x I,)

W < T — X2, homotopy between & and 3
o] AH3EE a~ B a~ (0] "L}

w2kA A (X, @) o QX 2), 70) O] T}
mpA|uto 2

Y a(2s) = a2s, —)
w8 ={ js 1) = Soe 1)

Ol FBE axf(s) = axf(s,—) = axp(s)7t Ao} axf= a7t FHT}

A is a canonical isomorphism between m, (X, zg) and 1 (2(X, z¢), %)




In general, 7, (X, x¢) L Tn—1(QX, x0), 7o)
ie.a€ F(X,z0) & a: "' x T — X
a: It X!
N U
Q(X, x0)

o]

rlr

T A2 22 W S F A7} canonical isomorphism Q-2 & 4 Qth

TebA) (X)) = my(QX)) = (X)) = m (22X, -+
(X) (Qn 1X) o] A &3}



