
IV.3 Some basic properties of πn.
�������� 1 πn(X × Y, (x0, y0)) ∼= πn(X, x0)× πn(Y, y0)�	�

���� Exactly same as π1-case.

�������� 2 Let p : (X̃, x̃0) → (X, x0) be a covering space. Then p∗ : πn(X̃, x̃0) →
πn(X, x0) is an isomorphism for n ≥ 2.�	�

���� (1) p∗ is one to one :
p∗[α] = 0 ������������ p ◦ α ∼ x0 ��������� , covering homotopy property  "!$#%'& �)(+*
α ∼ x̃0 ���-,. (0/ [α] = 0 ���21)� . (Lifting property section #% 3 �546 798;:<>= � 5 ?�@ACBD )

3 �
���2E;F p∗ GH I one to one ���21)� .
(2) p∗ is onto :JLKM #% #% α : (Sn, e1) → (X, x0)  "!ONQP & �R(+* π1(S

n) = 0 ���S��T�� (n ≥ 2), gen-
eral lifting theorem #% U � 8;:<WVX Y Z�[\W]^ _a`Rbc 1)� . 3 �)���2E;F , α #% lifting α̃ : (Sn, e1) →

(X̃, x̃0)
U �Wde fWg;h `Rbc 1)� . ���jiLk , p∗[α̃] = [α] ���S��T�� , p∗ GH I onto ���21)� .

Examples.
1. πn(S

1) = πn(R) = 0.
R lm f contranctible space ��������� πn(R) = 0 ���onp , R GH I S1 #% universal covering
space ��������� qr #% 8;:<>= �s "!t#%u& �R(+*WvS�ow;x< & ��1)� .
2. πn(T

2) = πn(S
1 × S1) = πn(S

1)× πn(S
1) = 0.

3. πn(Closed surface with genus g ≥ 1) = πn(4) = 0 (4 =Open unit disk).
2.  "!yE;F{zo|}C~2���� f Torus #% ���<W�� GH I 1)�>�6 7��� � |� lm f �R����������T����D �;�������C o¡¢ £� JLK¤ 1)� .
Torus GH I 4 ����¦¥�§¨ #% © �)ª«­¬� GH I¯® �� VX Y E;F �� identify `Rbc �±°² ��T�� ³ �µ´)�R¶0·¸ £� JLK¤ GH Iº¹¼» ���
identification ½¾ ¿ lm f ���� ���� U � �� , ÀÂÁ �� Ã x<�ÄQÅÆ ���oÇÈÊÉ  "!Ë#%ÍÌ h realize ,. np , ���ÏÎ�� ����¦¥�§¨ VX YÃ x<�ÄQÅÆ ���oÇÈÊÉ & ������ Ã x< ����ÑÐ�Ò�ÔÓÖÕØ×X Y tile Ù�ÚyÛjÜMÞÝÖßà VX Y £� JLK¤ GH I áâ qr ”tessellation” VX Y ª«OãÊä
,. (0/ , R2 GH I ��� Ã x<�ÄQÅÆ ���SÇÈÊÉ ½¾ ¿ VX Y deck transformation group ��T�� U �µå�� GH I Torus #%
covering space

U �¦æç è 1)� .

Torus

=

1



3 �����sE;F , πn(T 2) = πn(R2) = 0
JLKM VX Y 1)��éê�Ñëì íïîLð�  o¡¢ñ£� JLK¤ 1)� .òLóô-õ)ö÷ 8�øù ��T�� genus

U � g îLð� surface GH I 4g ����¦¥�§¨ ����� ³ ��´)�R¶0·¸ £� JLK¤ GH IW¹¼» , g > 1
îLð� ���<

��  "! GH I úû ü å�� ���� ��� 2π
4g

U �9ýL�)þo������� ��� 4g ����¦¥�§¨ VX Y Ã x<�ÄQÅÆ ���oÇÈÊÉ & �)(+* Ã x< ���� #% tessella-

tion VX Y ÿ� Y £� � �� 1)� . 3 �)���2E;F , 1)���6 79�� � |� lm f Poincaré disk  "!yE;F �;������� `Rbc 1)� .
Poincaré disk

45◦ 0◦

Poincaré disk GH I Ã x< ���� ���� #% open disk  "! �	 è�
^ _ �
����� �� � |� �������� �� � Kù ���� ����� Z�[\ ³ �
GH I ������� ( �D GH I ÿ��� � KM VX Y"!# É ��t& � GH I � Kù%$'&� ) U �)(6 _ å�� $'&� ����,. �D 4# _ metric VX Y+*, f �±°² ����1)� .]6 _ , 8 ����a¥�§¨ (g = 2) #% ���<W�� ×X Y  .- �� ½¾ ¿ ���� /D10m f 
^ _ �
2���� �� � |� lm f 34 ü $'&� ��� Poincaré
disk  "! E;F #% 8 ����¦¥�§¨ ���Ñæç è 1)� .
��� iLk , 5R�76�|� 
^ _ 8 ����¦¥�§¨  "! E;F úû ü å�� ���� lm f 0◦ ���onp , 8 [\ 
^ _ ����� 9;:��<= I  o¡¢ £� 4# _ (6 _ å�� $'&� ��� Ã x<
���� ���� #% � Kù $'&�  "! U �?>o� q@ å��S��T�� úû ü å�� ���� ��� Ã x< ����  "!yE;FBAC � |� lm f 135◦  "! £�2DFEM `Rbc 1)� . 3 �
���2E;F �
����� �� � |� ��� ÿ��� G [\  "! úû ü å�� ���� #% H�JI � U � 45◦ U � ,. GH I 8 ����a¥�§¨ VX YLK |M VX Y £� JLK¤ 1)� .
��� 8 ����¦¥�§¨ VX Y ” Ã x<�ÄQÅÆ ���oÇÈÊÉ ” & �)���� 8 ãON #% úû ü å�� 8�øM ����PDRQ� `Rbc 8�øM  "!SPD ������T�� Poincaré
disk  "! tessellation VX Y ÿ� Y £� JLK¤ 1)� .� |� lm f �R����������T�� 1)� 0m f 4g ����a¥�§¨  "! NQP Ì h E;F �D PDTQ� Ã x<�ÄQÅÆ ���oÇÈÊÉ VX Y !# É & �)(+* Poincaré
disk  "! tessellation VX Y ÿ� Y £� JLK¤ �� ��T�� , Poincaré disk GH I genus g

îLð� surface #%
covering space

U �¦æç è 1)� .�
JU &� ¹¼» , Poincaré disk VOWù éê� contractible space ���S��T��
πn(Closed surface with genus g ≥ 1) = πn(4) = 0

×X Y V0ÜX GH I 1)� .���YAC � |� ��� π1(X) = Π, πn(X) = 0, n ≥ 2
U �¦,. GH I space ×X Y K(Π, 1)-space ���ênpZ« 0m f 1)� .
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�������� 3 If n ≥ 2, then πn(X, x0) is abelian.�	�

���� Define

α ◦ β(t1, t2, · · · , tn) =

{
α(t1, 2t2, · · · , tn) if 0 ≤ t2 ≤

1
2

β(t1, 2t2 − 1, · · · , tn) if 1
2
≤ t2 ≤ 1

]6 _ , α ∗ β GH I [F\² ® &�^] k ® �� £�  "! NQP & �)(+*`_a b îLð� �±°² îLð� ¹¼» α ◦ β GH I Q��® &�c] k ® �� £�  "!ËNQP & �
(+*d_a b îLð� �±°² ����1)� . 8;:< #% �� Z«fehg 1)���6 7 VX Y 5R� �� i |} £� JLK¤ 1)� . ( �
2����  "!yE;F U � ���ja _ lm f I1,ÀÂÁ ���ja _ lm f I2 VX Y ³ ��´)�lkjPnm;o I3, · · · , In lm f �;��qp7rs ,. (0/ JLK¤ 1)� .)

α β

α ∗ β

∼

∼

α

x0

x0

β

(x0 ◦ α) ∗ (β ◦ x0) = (x0 ∗ β) ◦ (α ∗ x0)

∼

∼

α

β

β ◦ α

∼

∼

x0

β

α

x0

(β ∗ x0) ◦ (x0 ∗ α) = (β ◦ x0) ∗ (x0 ◦ α)

∼

∼

β α

β ∗ α

3 �����sE;F , πn(X, x0) lm f abelian ���21)� .
Ω-versionqr 8;:<>= � ×X Y loop space Ω ×X Y �����t É & �R(+* ]6 É w;x< Ì h ¬� vS� .
���� uv 1 (X,µ, x0) is an H-space if

(1) µ : X ×X → X is continuous. Write µ(x, y) = xy.

(2) X
(id,x0)

//

id
''NNNNNNNNNNNNN X ×X

µ

²²

X
(x0,id)
oo

id
wwppppppppppppp

X

commute up to homotopy
relative to x0

]6 _ , qr #% (2) GH I 1)�>�6 7��� ÇÈÊÉcw �����21)� .
Lx0

: X → X defined by Lx0
(x) = x0x is homotopic to id (rel x0) and

Rx0
: X → X defined by Rx0

(x) = xx0 is homotopic to id (rel x0).
H-space #%  .- �� GH I Topological group, loop space Ω Çx É ��� JLK¤ 1)� .
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�������� 4 Ω is an H-space.�	�

���� (1) Define µ : Ω× Ω→ Ω by µ(α, β) = α ∗ β

yz {�|~} 13.(1) Show
(X, x)(I,1) × (X, x)(I,0) → XI

(α, β) 7→ αβ
is continuous.

(
yz {�|~} 13.(2) GH I ýL��� h  "! )

(2) Show Lx0
' id (rel x0) : (Similarly for Rx0

)
H : Ω× I → Ω ×X Y 1)���6 79�� � |� ��� 8;:< #% `Rbc 1)� .
H(α, s) = αs, αs(t) := α ◦ F (s, t) where

F
−→

0 1

α
−→ Xx0

α

α

t

s

]6 _ , F GH I ���� s-level  "! E;F����²��� ������ Z«��, f VX Y 0 ����� ³ ��m / å�� Z«��, f VX Y linear
& � ãÊä I �� ¬�

kjP ª« GH I����� £� ���Snp ,
3 �����sE;F αs GH I 0 ≤ t ≤ 1

2
− 1

2
s
òLóô iLk x0  "!Sm /��� ¿�� / JLK¤ 1)� U � α ×X YU � GH I curve

U � æç è 1)� .
��� iLk , H U � Lx0

AC id Î�� ���R#% homotopy
JLKM VX Y ¬� ����vS� .

� &��� g H0 = Lx0
,H1 = id

JLKM lm f vS�ow;x< & ��1)� .
G : Ω × Is × It → X ×X Y G(α, s, t) = α(F (s, t)) �� K |M �� ���� Ĝ = H ��������� , H

U ��������   JLKM VX Y ¬� ��� I � qr & �sE;F GH I G
U � �������   JLKM VX Y ¬� ��������¢¡��� �, f & ��1)� . �
�U &� ¹¼» , G GH I

G : Ω× Is × It
id×F
−→ Ω× I

evaluation
−→ X

(α, s, t) 7−→ (α, F (s, t)) 7−→ α(F (s, t))

AC � |� ��� ����£��   ���� £� ½¾ ¿ #%  o¡¤ ¥§¦< ���S��T�� ����£��   ���21)� . 3 �)���2E;F Lx0
' id.

�������� 5 Suppose (X, e) is an H-space. Then π1(X, e) is abelian.�	�

���� yz {�|~} 13.(2) (Hint. Almost same as the case of topological group.)

���F¨ÖÁ qr #% Q� 8;:<>= � �� Z«fehg 1)���6 7 #% 3 � 46 7�8;:< = � ×X Y V0ÜX GH I 1)� .
©«ª­¬	 ® �������� 6 If n ≥ 2, πn(X, x0) is abelian.
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