V.1 Simplicial complex in R"

Aol 1 {ag,: -, a,} CRY is geometrically independent(or affinely indepen-
dent) if a; — ag, - - -, a, — ag are linearly independent.

Note. geometrically independent< Ztiai =0 with Zti =0=t =

=0 1=0
R —)

Affine independence is a notion in affine space, i.e., invariant under affine
transformations.

A2l 2 (n-simplex)
{ag, - -a,} C RN ZF geometrically independentsFcial SFAF. o] uf,

o=<ag, - a, >={r € R"|x = Ztiai , t; >0 and Zti =1}
i=0 i=0
=convex hull of {ag, -+ -a,}

=n-simplex spanned by {ag,- - -, a,} B+ B 3}

Remark

(1) t; = t;(z) for x € o is uniquely determined and called a barycentric coor-
dinate of x, and t; is a continuous function of x € o.

(2) a;=vertex of o, n=dimo ¥ | a simplex spanned by a subset of {aq, - --a, }
is called a face of o.

o:=int(oc) ={zco|t(z)>0,t=0,--n}.

do:=boundary of 6 = 0 — 0 = {z € 0| t;(x) =0, for some i}

(3) Vz € 0, 3! face 7 of o(denoted by 7 < o) such that z € 7.Indeed,

T =<y, | ti;(x) >0, j=0,--- k> Therefore o = ]_[;

T<o

Al 3 (Simplicial complex)

A simplicial complex K in RY is a collection of simplices in R" such that
()r<o,0e K=71¢€ K, and

2o, re K=0cNT<ocandoNTt <T.

A2l 4 (Subcomplex, Dimension, p-skeleton)

(1) L C K is a subcomplez (denoted by L < K ) if L is a simplicial complex in
its own right.

(2) dimK := maz{dimo|o € K}.



(3) p — skeleton of K := KP? =the subcomplex consisting of all simplices of K
of dim< p.

o] 2 simplicial complex Ko tj3l] |K| = U o CRY E A E A} | K|
oceK

topology & T3} o] £ttt

Topology of |K]| :

(1)each of o has the usual induced subspace topology in R,

(2)A C |K]| is closed (open, respectively) if AN o is closed(open, respectively)

ino,Vo € K.

|K|9] closed set2 (2)2} Zo] A2J35t4A o= |K|of topology +Z& F1L ©]

£ weak (or coherent) topology il B2t} T3t |K| with a weak topology

£ K9] underlying space(or a polytope) 2}al gt}

SA 14. WA o F o X XA S, C X,Va o]a Z+ S, = topological
spacesg W], th5 2 A& WE3tia AL

1.5, N Sp is open(closed, respectively) in S, and S, V «,f

2.topology on S, N S induced from S,= topology on S, NS induced from Sz

ol w X =[S, o th&3} 2ol topology & 3@ 5 ATk

A C X is open(closed, respectively) if AN S, is open(closed, respectively) in
each S,.

a2 ol"d ASE X topologyE & B sHA Hi thg2 3.
the subspace topology of S, as a subset of X=the original topology of S,,.

o] topologyE {S.}°l &3l induced¥l weak or coherent topology 2tal F-Et}.
28] 31 X7} polytope ¥} homeomorphic & W] XE polyhedron©] 2}l 3hc}.

Note. The weak topology of |K| is finer than the subspace topology of |K| C
RY i.e., id : |K|, — |K]|, is continuous.

($9) A C |K| 7} closed in | K|, ©]'H A+ subspace topology 2 closed ] 3l
ANoE o9 A closedo]t}. watA AE weak topology Z closed ©] T}

Examples.
1.[0,1]



[K|={ ————eeeH i ) 11 »

(0, 1] subspace topology@ X H Kol A open©] ]9} weak topology 2 H
ol = closedo|t}. e upahd K& ZF simplexs 3} (0,1]348] 2 FFE ) F2
simplex XA 0.2 Y2 B2 Z o] closed o] T}

2.

ool thall o= |K|, o4 open ot} kst d o8}, 05 AT UM A| r 2o
AAFS BE () o] o]& 7o A openo|Th =3 02k T o A o]
A A gl A openo] & g K|, Al open o]t}

3R g o= | K|l 4] open ©] o}Y T}, subspace topology 2 ¥H2 W, oAre] 3t
Ao A o] H ZHES FolE T2 simplex 7 € K &F ¥FUY 2 2 interior point 7}
2 % Itk O 7 opendd 57} STk

3. If K is a finite simplicial complex in RY | then

weak topology of | K|=subspace topology of |K].

FH(O)« oln oA B, (©)F HolH Atk FE |K|, oA closed?l
subset ©]2}al 3FAF 2 BE oo Ulsl] FNo & oA closedo]al, o &

3



RN A closed o]2& F No = RYOIA closedo]t}. 284, F = U(Fﬂa)

o]B 2 closed subset? finite unione S A] closedd}ti= A 2o wa} F=
RN A closed o] t}. 0

Simplicial complex in R’
Let J be an arbitrary index set and RY = {f : J — R}.
Write f as (Ta)acs ,i-€., fla) = x4.

R7 is a vector space with the usual addition and scalar multiplication.
E/ = {x = (4)acs € R/|z, = 0 for all but finitely many «o’s }

Topology of E7:
Define a metric on E” by |z — y| = max{|r, — ya||a € J}.
Then E’ with this topology is called a generalized Euclidean space.

Note span{ea,, - ,€ay} = R¥(as a topological vector space) and a simplex
o =< agp, - ,a, > in E’ can be viewed as a simplex in RV,

All the previous definitions go through for a simplicial complex in E”.
R> .= EV,



