V.2 Abstract Simplicial complex

A2l 1 An (abstract) simplicial complex consists of a set V' of vertices and a
collection K of finite non-empty subsets of V' called simplices such that
l.veV={v} ek,

2.0€K,0#7Co = 7€ K . (o] W] 7E 09 facez}l 3}2L, 7 < o& &
o)

Srofl Al AP Y A ulz71A] 2 dimension, subcomplex, p-skeletonS & 2]
SFA}.

dim K := sup{dimo|o € K}.

L C K is a subcomplex(L < K) if L is a simplicial complex in its own right.
K? = p — skeleton of K= collection of all simplices of K of dim< p

o uf Kp K9] subcomplex”} F ¢}

Examples.
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V = AZ 3}+= simplicial

-T2 A3 X subset=2] collection Ul Y&, the nerve of U, K(U)E
1‘4—%3’4— Zo] L3R K(U)E] simplexs-& non-empty intersectiong 7}A]
+ U9 finite non-empty subsets2} 3FAF. 18 K (U)+= simplicial complex 7}
At

3 . K, Lo] simplicial complex & W] K&} L9 joinK * L& Th23} o] A9
S}A}.

K+« L=K][[L[[{o]l7|0oc€cK,7ecL}.

o] Z YA simplicial complex7} Ht}. o & 59 F 1-dim simplex K, L &
joinstA 3xFAAE] AFHAN 7 oA H i, K = {point} A A5 224 A7
g L} joindhbA £o] I AFRAZF YA Ak (K71 3 2D o K9} LY
joing L7Fe] coneolgtal gtr}.)

o" x o™ = O.n+m+1
(0" o™ verticesE ZF2Zy {aq, - ,ani1}, {b1, 0 b1 Ol T
o™ x 0™&] verticest {a1, - ,ani1,01, b1} BT I3 o)ul] sim-

plicial complex structure+= power set©| FT}.)

Check S™ % S™ = gntm+l



o] A abstract simplicial complex®] underlying spaceS & 2] 3} 2}

K€ simplicial complex, o = {vg, - - -,v,} € K&}al 3}&x}. o] wf], th&3} 2]
K| & A o] ‘dhq-

Let|ay—{2tm Zt =1, t; > 0} and, |K| = | ]| o]

oceEK
with obv1ous 1dent1ﬁcat10n l-v=vand 0-v=0.

o] & formaldHA] AW,
K| ={z:V —[0,1] | {ve K |z(v) #0} € K, x(v) =1} and
veK
|U\—{90E K] | 2(v) =0if v ¢ o}
z(v) =t,(2)2 BYH ¢, : |K| — [0,1] & 28] v¥HA] barycentric coordinate €]
2t ot vhd BE voll tisl 4, (2) =t,(y) o1 x =y o]t}

ol A | K|l topology S FXA}.
topology of |o| : z,y €0, 2 => tv;, y=>_ sv; o thsl
d(z,y) =D (t; —s)> & FH

|| 2 standard simplex < eq, - - -, e, >C R"! (isometric 3}t}.)
~ any af fine simplex < ag,- - -, a, >C RY with the subspace topology.
( o] affine simplex < ao, - - -, a, > a geometric realization of | o|2tal $tc}.)

topology of |K|E weak topology generated by {|c| | 0 € K} & 2] st}
Note that |o| N |7| is clearly closed in |o| and in |7].

A=l 1 f:|K|— X is continuous < f||o is continuous ¥ |o| € K.

3H = £ Zd%aL « E Ho|A}h

XA closed?l Coll B3] f~1(C)7} closed in |[K|¥& Hold At} 234
2219 [ofol 3l f1(C) 1 |o] = £1(C) o3 o1 |o] oA closed o2
w2bA] f71(C)= |K|oA] closed o] T} 0
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(1) t, : |[K| — [0,1] is continuous.

(2) |K| is a Hausdorff space.

(8) A C |K| is compact < A is closed subset of |L| for some finite subcomplex
L of K. In particular, |K| is compact if and only if K is a finite simplicial
comple.
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(2 B £y in K] 21 1) £ 1,(0) & BT 7} AL E T
Al (1)oll Y3l z,yE separate Al Z 5 UTh

(3)oll A <& HolA}L |L] = UJO]'7 Z} 0= compact©|t}. L ] finite o]

oel

|L|-& compact set=2] finite uiionO]EE |L| 9 A] compact |t} whefA L]
closed subset A & A] compact ©] t}.

=5 Hol7] 3} compactd A C ]K| FVoe Ko usl Anc & 23}
2. ANe 7} non-empty 9l 0BT ANg o] £3t= YAE A Bo} g 8 T
A oES RE S A TR ol 0 K| = HJO]EE A'o] finited S B

oeK

ol ZE3It} A’ C A o)1 A8 B E subset ]gt closed7} |22 (BNo7}
finite set°] 2 & 09| closed subset ] ﬂ 31 weak topology®] A2 o]& B+
closedo]t}.) A’ discretedtth. = 8F A2 compact3F A2] closed subseto] 2
2 A9 A] compacte| T} = A’E= compact, discrete set©] 2 & finite set o] T

of o gt}
Simplicial map

f: K — LE simplicial map ©] E]—_Tl_ T2l & [ V(K)— V(L), flo) € Lif
o€ K. oluf o33} 2 maupE A 2+ 2}

7f7 K| — |L| defined as : Ztvl—x€|K|:>f thv,

5 7 (|lo]) = |f(o)| oIt} o] > f7E fol 93} induced¥ snnph(nal map©] 2t
31 3o}

ex. simplicial map o simplicial map = simplicial map.
0.7 f" is continuous. (" f”|,/7} continuous©] 2 &)

1. f: K — L 7} simplicial isomorphism ©]™ ”f” : |K| — |L| is a homeo-
morphism ©]a1, ©] & simplicial homeomorphism o] 2t11 F-Zt}.

2 . K 7} finite simplicial complex ] |K|+= RMo] embed ¥ t}.

9 K7}Hiniteo] 22 V(K) = {vg, vy} BF2L 31, RY ol A geometrically
independent3HA] ag, - - -, anS J=th 183 < ap,--,ay >=0VOE &1
o] oV} 1A 9] face EE 0] F 0] A simplicial complex AN & =2} 0] oi
KS} ANAFolo] e 3} 22 B8 Az eA

Define f : K — AY by f(v) = a;, izO,---,N.

I {vg,- -, on}2] subset=9] images- {ag, - - -, an} £ subsetE o] ¥
=4 o] 5& 25 ANVA|A simplex 7} I 2 & f¥ simplicial map©o] ¥t}
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webA fE= Ko} AVQ] subcomplex L = f(K)A}o] 2] isomorphisme FHZ
77 |K| — |L|w = homeomorphism ©] &t}

o] W L finite 3t22 R"\A] |L|; = |L|, ©]aL W}E}A]

717 |K| — |L|s € R™ 7} homeomorphism®] ¥ o] |K|+= Rl embed ¥ T}
O

A 14. < Hojzh

K is locally finite.

(i.e., each vertex belongs to only finitely many simplices in K.)
& | K| is locally compact.

& | K| is metrizable with respect to d, d(x,y) Z )2
veV

%A 15. If K is countable and locally finite and dim K < n, then |K| can
be embedded as a closed subset in R*"+1.

(Hint.) Use a curve C = (t,t%,- - -, t*"*1).

o] CH 9 olH 2n+2719] AL BolE o] &L geometrically independent 3}
o}

A2l 2 star(v)
v e V(K)o B8l st(v) := | Jint(lo|) = {z € [K| | t,(x) # 0}.

o) wl, 5t(0) — | Jlo| Q€ 1ol

(Q) st(v) = Jint(lo]) € Ule| €13, Ulo|2 closedo] B2 st(v) C U|0|O]
q-‘ - - veo

(2) veod ZoEL oest(v) ol2R (o] C st(v) oIk

veo

w2} A m{— |K|o| A closed©] AL, [k(v) := m— st(v) 2 Aot}



