
V.2 Abstract Simplicial complex
������� 1 An (abstract) simplicial complex consists of a set V of vertices and a
collection K of finite non-empty subsets of V called simplices such that
1 . v ∈ V ⇒ {v} ∈ K,
2 . σ ∈ K , ∅ 6= τ ⊂ σ ⇒ τ ∈ K .( �	��

� τ �� � σ �� face �	���� � ���� , τ < σ �� �� �� � .) 
!"$#&%('*),+*-. ��0/21354768:9<;=$>? @ �BA	CDFE �HGI�J�� dimension, subcomplex, p-skeleton K� � +*-. ��� �MLJ� .
dimK := sup{dimσ |σ ∈ K}.
L ⊂ K is a subcomplex (L < K) if L is a simplicial complex in its own right.
Kp = p− skeleton of K= collection of all simplices of K of dim≤ p
�	�N

� Kp O� � K �� subcomplex E �QPR S � � .
Examples.

1 . T
UV �� �� WXZY\[^]J_8a`Jbcedgfh A #&%ji2kmlon F(A) �� � A �� pqsr� � tuwvyxz|{X~}� � `Jbcedgfh ( ���� `Jbcedgfh������
) �� � �� `Jbcedgfh �	�M�	���� �� LJ� . ���� [^���8 K = F(A) O� � V = A �� � � O� � simplicial

complex E ��PR S � � .
2 .

WXZY\[^]J_8�`Jbcedgfh X �� subset �� � �� collection U #&%,i2k�lon , the nerve of U , K(U) �� �� ���� � >? � !� �	� +*-. �� � �MLJ� . K(U) �� simplex �� � K� � non-empty intersection K� � E �HGI�O� � U �� finite non-empty subsets �	� � �MLJ� . ���� [^���8 K(U) O� � simplicial complex E �
PR S � � .
3 . K, L �	� simplicial complex   b¡ 

� K

�¢
L �� joinK ∗ L K� � � ���� � >? � !� �	� +*-. ��� �MLJ� .

K ∗ L = K
∐

L
∐

{σ
∐

τ | σ ∈ K, τ ∈ L}.
�	� 9<;= £\¤¥§¦ � simplicial complex E �¨PR S � � . #7© �� � �� � Y\[ �� 1-dim simplex K,L K� �
join � � ���8 3 ªg�¬«­¯®±° �g²y��³m� ���8±´�µ E �F¶	�¸·q�¹»º½¼¾ �� , K = {point} ¿ _8~9ÁÀ. t� 2 ªg�¬«­¯®�ÂgÃÄÆÅ ÃÇÈoÉÊ L >? join � � ���8ÌËÍ Î �	��A	CD ³m� ���8Ï´�µ E �Ð¶	�Ñ·qÒ¹»º PR S � � . (K E � vyxz +�ÓV   b¡ 

� K

�¢
L ��

join K� � L
ÂgÔÕ �� cone �	�M�	���� vyxz � � .)

σn ∗ σm = σn+m+1

(∵ σn >? σm �� vertices �� � Å ÃÇÖÅ ÃÇ {a1, · · · , an+1}, {b1, · · · , bm+1} �	�M�	� �� ���8
σn ∗ σm �� vertices O� � {a1, · · · , an+1, b1, · · · , bm+1} �	�×PR S � � . �� ²y�J�� �	�Ø

� sim-
plicial complex structure O� � power set �	�ÙPR S � � .)
Check Sn ∗ Sm = Sn+m+1.
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�	� ��� abstract simplicial complex �� underlying space �� � +*-. �� � �oLJ� .
K �� � simplicial complex, σ = {v0, · · ·, vn} ∈ K �	���� � �oLJ� . �	�Ú

� , � ���� � >? � !� �	�
|K| �� � +*-. �� vyxz � � .
Let |σ| = {

n
∑

i=0

tivi |
n

∑

i=0

ti = 1, ti ≥ 0} and, |K| =
⋃

σ∈K

|σ|

with obvious identification 1 · v = v and 0 · v = 0.
�	���� � formal � � ¹»º0ÛÜ ���8 ,
|K| = {x : V → [0, 1] | {v ∈ K | x(v) 6= 0} ∈ K,

∑

v∈K

x(v) = 1} and

|σ| = {x ∈ |K| | x(v) = 0 if v /∈ σ}.
x(v) = tv(x) �� +*-. �� PR S tv : |K| → [0, 1] �� � x �� v ÝßÞ8±à � barycentric coordinate �	�
�	���� vyxz � � . á	âã   b¡ pq:r� � v #&%|i2kmlon tv(x) = tv(y) �	� ���8 x = y �	� � � .
�	� ��� |K| #&% topology �� � WX LJ� .
topology of |σ| : x, y ∈ σ, x =

∑

tivi , y =
∑

sivi #&%äi2k�lon
d(x, y) :=

√

∑

(ti − si)2 �� WXZ���8
|σ| ∼= standard simplex < e0, · · ·, en >⊂ R

n+1.(isometric � � � � .)
∼= any affine simplex < a0, · · ·, an >⊂ R

N with the subspace topology.
( �	� affine simplex < a0, · · ·, an > �� � a geometric realization of |σ| �	���� vyxz � � .)
topology of |K| �� � weak topology generated by {|σ| | σ ∈ K} �� +*-. �� vyxz � � .
Note that |σ| ∩ |τ | is clearly closed in |σ| and in |τ |.

�����åIæ 1 f : |K| → X is continuous ⇔ f ||σ| is continuous ∀ |σ| ∈ K.çèêé§ë�ì� ⇒ O� �îí ÔÕðïØñ8 � ���� ⇐ �� � ò� �	�2LJ� .
X #&%ó'*) closed ¿ _8 C #&%ôi2kmlon f−1(C) E � closed in |K| T
UV K� � ò� �	� ���8 PR S � � . ��öõ Þ8±÷ùø
T
UV �� �� |σ| #&%úi2k�lon f−1(C) ∩ |σ| = f |−1

|σ|(C) �	�J�� �	� O� � |σ| #&%ó'*) closed �	�JûÜ ��ü �B�	� '*) f−1(C) O� � |K| #&%ó'*) closed �	� � � .
ý�þ(ÿè � �����åIæ 2

(1) tv : |K| → [0, 1] is continuous.
(2) |K| is a Hausdorff space.
(3) A ⊂ |K| is compact ⇔ A is closed subset of |L| for some finite subcomplex
L of K. In particular, |K| is compact if and only if K is a finite simplicial
complex.çèêé§ë�ì� (1) �� � Å ÃÇ simplex ÂgÔÕ #&%('*) coordinate function tv

O� � ïØñ8ÆËÍ Î �	�mûÜ �� ü � �	� '*)
|K| #&%ó'*)��q ïØñ8 ËÍ Î �	� � � .
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(2) O� � á	âã   b¡ x 6= y in |K| �	�M�	� ���8 tv(x) 6= tv(y) �� � á	âã �� � � � O� � v E � �	 ��
 n � �óûÜ �� ü �
�	� '*) (1) #&% �� lon x, y �� � separate ¦ � ��
���� T
U� � � .
(3) #&%ó'*) ⇐ �� � ò� �	��LJ� . |L| = ⋃

σ∈L

σ �	�J�� Å ÃÇ σ O� � compact �	� � � . L �	� finite �	� ���8
|L|

�� � compact set �� � �� finite union �	�mûÜ �� |L| £\¤¥�¦ � compact �	� � � . ü � �	� '*) L ��
closed subset A £\¤¥§¦ � compact �	� � � .
⇒ �� � ò� �	���y� �� lon compact ¿ _8 A ⊂ |K|

�¢
∀σ ∈ K #&% i2kmlon A ∩

◦
σ �� ������ Å ÃÇ � �

LJ� . A∩ ◦
σ E � non-empty ¿ _8 σ

@ � � � A∩ ◦
σ #&% ËÍ Î � � O� � «­¯®��� �� � � � ¶	� �mU¥"!# $&% � xσ �	� ��

�� �	�g�� � K� � pq �� � 9<;= K� � A′ �	� �� LJ� . �	�Ú

� |K| = ∐

σ∈K

◦
σ �	�JûÜ �� A′ �	� finite T
UV K� � ò�

�	� ���8�'(*) }� � � � � � . A′ ⊂ A �	�J�� A′ �� pq:r� � subset B O� � closed E � ¼¾ ûÜ �� (B ∩ σ E �
finite set �	�mûÜ �� σ �� closed subset �	� ¼¾ �� weak topology �� +*-. �� #&% �� lon B O� �
closed �	� � � .) A′ O� � discrete � � � � . +q vyxz A′

�� � compact vyxz A �� closed subset �	�mûÜ
�� A′ £\¤¥�¦ � compact �	� � � . �� � A′ O� � compact, discrete set �	�JûÜ �� finite set �	� ¼¾Y\[ %�, vyxz � � .
Simplicial map

f : K → L �� � simplicial map �	�M�	���� �� LJ� . �� � f : V (K) → V (L), f(σ) ∈ L if
σ ∈ K. �	�N

� � ���� � >? � !� �� � map K� �-���� Å ÃÇ � �oLJ� .
”f” : |K| → |L| defined as :

n
∑

i=0

tivi = x ∈ |K| ⇒ f(x) =
n

∑

i=0

tif(vi)

�� � ”f”(|σ|) = |f(σ)| �	� � � . �	� ”f” �� � f #&% �� lon induced PR S simplicial map �	�M�	�
�� vyxz � � .
ex. simplicial map ◦ simplicial map = simplicial map.

0 . ”f” is continuous. (”f”||σ| E � continuous �	�mûÜ �� )
1 . f : K → L E � simplicial isomorphism �	� ���8 ”f” : |K| → |L| is a homeo-
morphism �	�J�� , �	���� � simplicial homeomorphism �	�o�	���� {X/.� � � � .
2 . K E � finite simplicial complex �	� ���8 |K| O� � RN #&% embed PR S � � .çèêé§ë�ì� K E � finite �	�JûÜ �� V (K) = {v0, ···vN} �	���� 01 2 �� , RN 3 âã #&%('*) geometrically
independent � � ¹»º a0, · · ·, aN �� �54 !6 O� � � � . �� ²y�g�� < a0, · · ·, aN >= σN 7Ü �� 01 2 ��
�	� σN >? �� 9<;= �� face �� � �� �	�98XZY\[^]J_8 simplicial complex �� � 4N �	� 01 2 LJ� . �	��

�
K
�¢
4N ³m���	� #&% � ���� � >? � !� �� �;:=<> �� �� �-���� Å ÃÇ � �oLJ� .

Define f : K →4N by f(vi) = ai, i = 0, · · ·, N .
���� [^���8 {v0, · · ·, vN} �� subset �� � �� image �� � �� � {a0, · · ·, aN} �� � �� subset �� � �	� ¼¾O� � ÷ùø �	�g�� � �� � pq �� 4N

ÂgÔÕ #&%ó'*) simplex E � ¼¾ ûÜ �� f O� � simplicial map �	�ÙPR S � � .
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ü �B�	� '*) f O� � K
�¢
4N �� subcomplex L = f(K) ³m�m�	�g�� isomorphism K� � WX ûÜ ��

”f” : |K| → |L|w
O� � homeomorphism �	�ÙPR S � � .

�	� 

� L �� � finite � �óûÜ �� Rn #&%ó'*) |L|s = |L|w �	�g�� ü �B�	� '*)
”f” : |K| → |L|s ⊆ Rn E � homeomorphism �	� ¼¾ Y\[ |K| O� � Rn #&% embed PR S � � .
?@ ACBED 14.

� ���� � K� � ò� YGF �	� .
K is locally finite.
(i.e., each vertex belongs to only finitely many simplices in K.)
⇔ |K| is locally compact.

⇔ |K| is metrizable with respect to d, d(x, y) =

√

∑

v∈V

(tv(x)− tv(y))
2.

?@ AHBED 15. If K is countable and locally finite and dimK ≤ n, then |K| can
be embedded as a closed subset in R2n+1.
(Hint.) Use a curve C = (t, t2, · · ·, t2n+1).
�	� C

�� �� Y\[JILK8 2n+2 ¹NM �� +�ÓV K� � !# $&% � �q �	�J�� � �� � geometrically independent � �� � .
������� 2 star(v)

v ∈ V (K) #&%|i2k�lon st(v) :=
⋃

v∈σ

int(|σ|) = {x ∈ |K| | tv(x) 6= 0}.

�	� 

� , st(v) = ⋃

v∈σ

|σ| T
UV K� � ò� �	�2LJ� .
(⊆) st(v) =

⋃

int(|σ|) ⊆
⋃

|σ| �	�J�� , ⋃

|σ|
�� � closed �	�mûÜ �� st(v) ⊆

⋃

v∈σ

|σ| �	�
� � .
(⊇) v ∈ σ ¿ _8 Å ÃÇ σ �� � �� � σ ∈ st(v) �	�mûÜ �� ⋃

v∈σ

|σ| ⊆ st(v) �	� � � .
ü �B�	� '*) st(v) O� � |K| #&%('*) closed �	�J�� , lk(v) := sk(v)− st(v) �� +*-. �� vyxz � � .
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