V.3 Simplicial approximation theorem

Barycentric subdivision ap
Given 0 =< ag,- - ,a, >C RY, the barycenter
o of o is defined by
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A 9] 1 Let K be a simplicial complex in RY, the baricentric subdivision
of K, denoted by sdK, is defined inductively as follows

1. Ly :=V(K).
2. Given L,, L, is the simplicial complex determined by U {o *do}
ceKptl
where Jo is viewed as a subcomplex of L,,.
3. sdK = L.
K
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Note. Abstractly,
L V(sdK) = | J {5}
oceK
2. sdK ={< 01, ,0p,> |1 < - <opp=1,2,--- 0, € K},

where < denotes proper face.
3. |sdK| = | K] as a topological space.



Q] 2 K : a finite simplicial complex in RY.
mesh(K) = maz{diam(o) | o € K}.

38 1
(1) o : n-simplex in RN = mesh(sdo) < Symesh(o).
(2) K : n-dimensional finite simplicial complex in RY

= mesh(sdK) < “=mesh(K)
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Note. 1. ¥V o, 3 an edge e < o, such that diam(o) = length(e).

Q.VxEU, | 6 — x| < | 6 —v| for some vertex v of o, and
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i=1

n n
< ——max| v; — v0| < ——mesh(o)
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o] Xﬂ (1)8] 8L 3R V1 € sd(o)°l tdl 78] 2 & edge e+= barycenter© A
2L face®] barycenterd| 4 Y722 Note 201 ]3] length(e) < —tamesh(o)
011‘4— w2}A] Note 19 &3l mesh(r) < —mesh( ) ot} 0

w58 2 mesh(sdVK) < C(;45)" and converge to 0 as N — oo.

Note. g : K — L, a simplicial map
= g(st(v)) C st(g(v)), Vv € V(K).
% z € st(v) & ty(x) > 0.
g7} simplicial map O] B2 t,,)(g(z)) > t,(z)°] 2 WA x € st(v) O] ¥ty (9(z)) >
0] 3L g(x) € st(g(v)). u

WA 3 Let f: |K| — |L| be a map and g : |K| — |L| be a simplicial map.
Then the followings are equivalent.

(1)Vz € |K|, f(z) €T = g(z) € T.

(2)Vxel|K|, f(x) eT=g(x) €.

(3) v e V(K), f(st(v)) C st(g(v)).

A 2] 3 Such simplicial map g is called a Simplicial approxrimation of f.

%8 2)=(1)2 Fdst
(D)=(3) 2 € st(v),f(z) € T B B} 71RO Z2E ¢,(x) > 0, g(x) € 7] Th



: > 1y(x) > 09| B2, g(2) € st(g(v))eleh. 2AH g(a) € 7
AT PomE, gu)E 79 vertexo] I, 7 C st(g(v)) ol WA f(x) €
5 )

(9(v)).
3)=(2) x €0 ©1L, f(z) € TEFL 7}%0}1} ol W, A2l ve V(o) ol thal
z € st(v)olth. f(st(v)) C st(g(v))ZHH f(z) € st(g(v)) o1 WA g(v)E

79 vertex7} Btk 999 v € V(o) thste] AP E, g(0) C 7 o]
g(z) € oI T .

A2l 4 Let f: |K| — |L| be a map which satisfies "star condition”, i.e.,
VoveV(K), 3we V(L) such that f(st(v)) C st(w).
Then there exists g : K — L which is a simplicial approzimation of f.

W B2E v e V(K) ti3l f(st(v)) C st(w)E BFd= ofF-H w & A H)

6}04 g(v ) =w& %2 stA}.

o] A o] g7} simplicial map¥ & Hol7] Y| < vy, - -, vy >7} simplex©] H,

< g(vo),- - -, g(vg) >7}F simplex = X O] A} simplex 0 =< v, - -, v >2 F
k

oWz € o7t BABIAL, € [ )st(vi) ol Tk

=0
ol W, f(x) € f(()st(v:)) C () f(st(v:)) C [ )st(ws), w; = g(v;)°] Hef BE
i TS 1, (f(2)) > 001 Tk, BFEbA < wp.- -y, >=< glvn). - - - g(0e)) >+
simplex& & AJ St} (interior point f(x)7} A2 R). WefA] g+ simplicial
map®] E A f(st(v)) C st(g(v)) & WHFFRZE 2] WA 39 (3)S w53}
o g= f9] simplicial approximation©] ¥ T}. 0

Remark. f:|K|— |L|7} K2] subcomplex M| A ©]u] simplicial map©] 2}
a1 shRb 2 9 A8 Y Z“ﬂd}@Oﬂ/ﬂ gE A= o, MolA 9 k2 14
2 F31 (2 Noteol| A simplicial map-2 star CODdlthIl‘é‘ ‘3}—:,— 3EZ ) Y A
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e 22 4 At

A2 5 (Simplicial approximation theorem)

K, L : finite simplicial complezes in RN .

(1) Given a map f: |K| — |L|, AN > 0 such that f has a simplicial approxi-
mation g : sd¥NK — L.

(2) If g is a simplicial approzimation of f, f ~ g.

29 () U = {f(st(w)) | w € V(L)}2 |K|2] open covering®o] &t} K7}

finite] 22 |K|+ compact©]al WA open covering U T3l Lebesgue
number 0] 23t} o] W, mesh(sdVK) < ¢ & HEJFEE NS FHS) 2



A Ao sdVK ¢2Fe] ZFstarS-2 diamo] e At} Z 3 whaba] o™ U e Y]] =
St 28 9E f: [sdVK| — |L| star conditiong W3}l [sdV K| = |K|
olmZ A g 49 2]3) simplicial approximation g7} & A) gt}

(2) f&F gAFel 8] homotopyE F : |K| X — |L|, F(xz,t) =tf(z)+(1—t)g(x) =
Aeojsity. WA A 30 o3l 7+ f(x)2} g(x)E B2 simplex ¢l Jlom=
Fe 2 Zol Aty T3 ZFsimplex 09| A fo} g= AL BE F=|o|xIA
AL olth K7} finiteo] B2 F= A% o|th metA F= Y9k homotopy©|
o ;

Remark.

1. Theorem 5 holds for arbitrary simplicial complexes K and L, and for a
suitable subdivision (satisfying mesh condition in the proof) K’ of K.
(Reference: Munkres, 16.5, 19.4, 20.5)

2. In general, The topology of |K| x I is coherent with the subspaces

{lo| x I | o € K}. (see Munkres, Elements of algebraic topology.) (54| 16.)



