Application

1. m(S™)=0, if k < n.

%1 simplicial approximation g 8] 2} S™ \ {point} ~ R™©] contractibleo] 2}
L AL o] L3}A}; Sko| A §noz 7= o7) ontoTt ofU A, SnA O A ol
image7} obd A xo & AT = Q3 S\ {0} ~ R"°] contractibleo] 2 2
S Hol &ddh

H A simplicial map AFA| = p-skeleton < p-skeleton 2.2 B Y2 Z 9] simpli-
cial approximation o/ = onto7} € 4= {131, WEbA o/ 2 3 A S Z contractible
31 o~ o °]|BE=E o X contractibled}t}.

o] Z9 o]l A base point:= vertex7} ¥ E = simplicial complex R E Sk2}
Sno| A ts| ok &A@ A ] e] Remarkol &3l a(base point) = o/ (base point) e}
Folx AA, &E A 559 A homotopy F'7} base pointE fixgFc}
1 7HRStH = E

O

\)

.i: K*'! — K induces an isomorphism i, : m,(|K*™|) — m.(|K]).

H A simplicial approximation thoerem& ©¢]-8 3} epimorphism ©] T
o9 FHoIA AW ABHTE oA 11 AL Holaf. 1-1 AL Hol]
A8l o]l Fo HR A th3 noteE ©]-&3HAL

Note. a : S¥ — X represent a zero element in my(X) if and only if
J extension @ : BF! — X.

ol® {a} € mp(|K*|) 7} il 23 identity 2 ZFehd, $19] note o 23]
extension @ 7} €A|3Fal th2 diagram ©] AH3Ih 7| A SHE o
simplicialo] 2} 7} A3 = A&}

K = |K] K — | K|
al = al T da
of 71 A @9] simplicial approximation @& F 2o H
Kkt — K
ERVAN
Bk+1

A= o) W & Al remarkol A (@]si} = {a} B Fol= B}
a8 (Ko A {@]g) =0 o) B2 {a} = 0 o|t}. webA] 1-19S Bk



3. Edge-path group
v € V(K)o ths) Al

Qs(K, vo)=the set of closed edge-paths based at vy
={vovy, - - - v V0 | v; € V(K) and {wvo, v, },- -+, {vi,, 00} : 1-simplices
in K}

o] A Q,(K,vp)°ll equivalence relation ~Z TF 37}4] equivalenceol] 2] 3f gen-
erate® Ao Z FXA}.

S
(1) UG Yy
S
(2) vlvjlevl
S . . . .
(3) - vvu -~y - 3 < v, w5, 0 > s a 2-simplex in K

o] W) O,(K,vy)/~ = E(K,v0) S (K,v)2 edge path groupo]&til 3ttt o)
o] group operation< juxtaposition ©]t},

E(K,v) 7} groupe] H2 H o]z} WA

((vovi, + = vo)(vovyy - - vo)) (vovk, -+ vo) = (voviy - - vo)((vovy, * - vo)(Vouk, * - Vo))

= 9 AI7FA] equivalence o] i3l {2 E AFH A2 w5,

{vo} € E(K,vg) 7} group operation®] identity 7} &t L8 31 (vgv;, - v;,v0) €
E(K,vg)°l t3l inversex= (vgv;, - - - v;,v0) 7F A TF wWebA] E(K, vy) = group
o] Ht}.

A7l 1 E(K,v) = m(|K]|,v)

1 F groupAte] ] isomorphism= 27| 93] WA o2 & A Z4SHA}
o Q(K,v) — QK[ v9)/ ~

VoViy * * * V4,1 Vo = {CY}

where o : [ — |K]| is a piecewise linear map representing simplicial loop cor-
responding to vg, v;,, - - - V;,, Vo.

o] ¢oll 28] induced = ¢y : Q,/% — Q/~vS DL F YL, o] w T 1 7}
A& Ho)z}

(1) ¢y is well defined :

AW A equivalence relation <ol Th3 ¢y(vo - -v;v; - -vg) = Py(vp - -vi - vp) D&
& A3, YA FA O tisi = vprtA s A -

(2) ¢y is a homomorphism :



d(vovy, - v9) = a & d(vovy, - vg) = B ol T3l d((vovs, - -vo) - (vovyj, - -10))
2 juxtaposition®l] &3] a2} 2] juxtaposition &2 7}al o]= ¢((vovy, - -vo)) -

o((vovy, - vo)) 2 ZTh.

(3) ¢y is onto :
A9 a e m(|K|,v)l tall a®] simplicial approximation @ 7} &) Sttt

¢3(a) = a 7} = o] ontoo] T}

~ ¢s(B)ol & AREIL o L f YL Ho|A} WA
a, B ol tsl] 22 tha3 2ol o, B2 FAE ¢s(a) 2} ¢4(3) Aol ] homotopy
1

s 53

q714 G(0,t) = o/(t),G(1,t) = B'(t) L2 FAS 0, a X o/, 3 X F8 7}
Aokl Bspe. RS, 0] @ 4770o] Lsimplex < v,w >2 74}
A, o] A 9] subdivisione AT < v,w >, < w,w >, < w,w >Z B
H oo R aola ¢(a) = ¢(a)o] At ()& é(8)A ]2l homotopy F2
simplicial approximation G+ o/, 3’7} ©]¥] simplicial ¢|2& Gy = o/°]al
Gy = FR RS Eoh webA o L 9E Bold ol e B & 9l
t}.



Vo Vo

4. Graph
A 1-dimensional simplicial complex is called a graph.
A simply connected simplicial complex is called a tree.




(=) Fix vy € V(K).Yv € V(K), choose a path «, from v to .
Define F: V x I — |K| by F(v,t) = a,(t). Then
For each edge o, define F' : |o| x [ — |K]| as the following picture.

Vo

[ a'Ui avi+1 i) |K|

V; Vi1

o} 71 A |K|7} simply connected©] 3l ©] 1] boundary conditiong &3l o=
2 |of x 19 WRZ extendA] 2 4 920 3] 54
I Fliox 7t AEFCBE F: |[K|x]I — |K|E Q%0]|a Fy = id, Fi = v,°]
B2 contractible?l RS <2135} T}

O

REXAZ 3 Let K be a connected simplicial complex. Then
(1) K contains a mazimal tree.
(2) Every maximal tree contains all the vertices of K.

=
373

(1) Use Zorn’s lemma.

Let 7 be the collection of all the trees in K. Then 7 is a partially ordered set
with respect to inclusion.

Let {I;} be a simply ordered set of trees in K. And 7' = (JT;. Then T is
simply connected.

"+ For given o : S' — T, a(Sh) is compact. Hence it is contained Tj for some

5



J. Consequently, a ~ const. in T}, hence in T
By Zorn’s lemma, there exists a maximal element in 7.

(2) Let T be the maximal tree. Suppose that 7" does not contain all the vertices
of K. Then Jvy, vy € V(K) s.t v; € T and vy ¢ T and {vy, v} is a 1-simplex
in K.

Ty := T U{{v1,va},{ve}}. Then |T| is a strong deformation retract of |T}].
Hence T} is simply connected and hence a tree containing 7' properly. This
contradicts to the normality of 7.

]
Note (1) In fact, given a tree 7', 3 a maximal tree containing 7.
(2) A tree containing all the vertices of K is maximal.

(1)8] S8 lemmad] S8} &2 Aol (2)& edge-path groupS =23}
e

Let T be a maximal tree in K.
Let G be the group generated by the oriented edges (v,v’) of K with the fol-
lowing relations.
(a) (v,v) eT = (v,0) =1
(b) (v,0")(v",v) =1
(¢) v1,v9, v are vertices of a 2-simplex in K.Then
(v, v2)(v2, v3) = (v1, v3)

Ael 4 E(K,v)=G=F/R
ok
¢: B(K,v) — G&Fal ALl st

i1 ; — i1 i1 Vi) " " " \(Vig
[Vov3, Vi, - - - V3, V0] = (Vovsy ) (V3 V4,) - -+ (Vi V0)
o]+ junxtaposition} equivalence relationS H &322 ZF Ao HATh

V: F — E(K,v)E A2 3HA}

(v,0) = av'al
o] W] Zt vertex vuFC} vyl A v&E 7}= simplicial path a, & To|A] A€
TRAANA R T7F BE vertexS T T30 Z = R Y2SL BT
2 HYy==g

S
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F/R % E(K,v9) % induce3t},
Gov —id. Dop—idAe AA T4 Aene B2t W ATk
O

w54 el 5 Let K be a finite connected simplicial complex. Then 71 (| K|, vo)
18 finitely presented.

2]
[Je}
m(|K|,v) = E = GAY] edge®] A7} F3t0] 2 & generator®] A4= 73+
o] a1, G2 relation®] 3Fo] 2 & relation®] A% 3ot} whalA] finitely
presented ©] T}.

O

S48 6 Let K be a connected graph. If T is a mazimal tree in K, then
E(K,v) is a free group generated by the 1-simplices in K — T .

21 o) Go Aol oA T,

T K-T

Note Let K be a finite connected graph, n; be the number of 1-simplices in
K and ng be the number of 0-simplices in K. Then
The number of 1-simplices in K =T =n1—(ng—1) = 1—(ng—nq1) = 1 —x(K).

AE 7 Letp: X > Xbea covering. If X = |K| for some simplicial complex
K, then the simplicial complex structure of X can be lifted to X in such a way
that p becomes a simplicial map.

=2

o O ~
simplex®] fundamental group< trivialo]t}. W} liftingd 4+ Q31 X o A]
< locally o] & 4 9tk

%A 18 (Prove in detail.)



ulS A8l 8 1. Any subgroup of a free group is free.
2. Let F be a free group on n generators and F' be a subgroup of F of index
m. Then F’ is a free group in 1 —m + mn generators.

R
1. 3K, a connected graph such that m (| K|) = F.

F’' < F = Facovering K’ of K such that m (K') = F’ and K’ is also a graph.
= F’ is free.

2. Can take K as a finite graph.
n=1-x(K) and x(K') = mx(K) WetX F'9] generatore] A4+ 1 —
X(K)=1—mx(K)=1-m(l—n)=1—m+ mno]t}.
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