V1 Simplicial Homology

A2l 1 (1) An ordered simplex is a simplex o together with a particular
order of vertices of ¢ and will be denoted by ¢ = (v, - -+, v,).

(2) An orientation of a simplex o = (v, --- ,v,) : Two orderings of vertices
of o are equivalent if they differ by an even permutation. A choice of an
equivalence class is called an orientation of o.

(3) An oriented simplex is a simplex o together with an orientation of ¢ and

will be denoted by [vo, - - - , v,] representing the equivalence class of (v, - - -, v,)
as an orientation of o.
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19 1: Orientations

Notation o : an oriented simplex = @ : an oriented simplex with opposite
orientation.

A 2] 2 (p-th chain group) K : a simplicial complex
C,(K )= the abelian group generated by the oriented p-simplices with the re-
lation o = —o.
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T2 free abelian group®] universal property 2 §-& W 5}r}.
Note. A function f from the oriented p-simplices of K to an abelian group G
extends to a homomorphism : C,(K) — G uniquely if f(7) = —f(o) for all

oriented o.

Boundary operation

0y : Cp(K) — Cp_1(K), boundary operator is defined as follows.
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Remark
For convenience, we can add more generators and relations to Cp(K).
If vy, - - - , v, are vertices not necessarily distinct of some simplex, we define

0 if not distinct.

[vo, -+, vp] = { as before if distinct

and define 0 by the same formula
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Then this is well defined and 9% = 0.
B 3 o Cpr(K) " C(K) % Cpr(K) — -+ (={C,.0)) with 8 =0
is called a chain complex.
Define Z,(K) = kerd, = the group of p-cycles.
B,(K) = im0, = the group of p-boundaries.
H,(K) = Z,(K)/B,(K) = the p-th homology group.
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o Eol, QukA o2 b Aol AR,
Note. H, (K) = Z , k= number of connected components of | K]|.

2o 2 H|(K)S FlEX WA Bi(K) = 00|22 H((K) = Z(K)
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%A 19. G: Graph = H,(G) = abel(m(G)).
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I3=ih)

22+ cellEo A AW

H}3E O orienta-
4 tion< &£t}
. y ¢, : HFZZ cycle.
A cy 0 E cycle.
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olth. -], 0c = ndT = n(c; — cz) = 00] FoJoFIBE n=0ZF, ¢c=00°]
ok mekA, Hy(K) = 00l ok
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3. Surfaces

(0) K — ~ g2 orientable surface ©] 2 2 boundaryol] A A &
= ~ A =] & F orientationg & 4~ AT}

Hy(K) = Z°]t}.

I-cycle2 99 2.(2)o A<} Zo] doz Do point2} homologouss}HA|
HE2Z H(K)=00°]t}

2-cycle SA L} UlRATIAZ ¢ =n1, T = 01 + 09 + 05 + 042 Fo] Foof 5
=4, 0c = ndt = O(orientation= boundaryd] A A Z2 FH=HEF Fo02
2)o] B2, 7 2oyclod S FOIT 5 ek, whebd, Hy(K) = () = Z0] T

F oA a3 B 1A g 9k orientabledA] 9T boundary | A Al EH =&
orientatione & 4 YLEEZ 2-cycleo] EA3}FA] gFol Hy(K) = 00] Ht}

(1) Torus
b
K—g4 Torus®l| & %3} trangulation< 511, boundary |
A A5 &5 orientationS =T}
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Ho(K) = Z.o]th.

l-cycle2 v}Z2Z o 7 Wojd 4= gJo v g houndaryol| A2 1-cyclex} Zt}.
Al ES), Dy = Z1(K) N {boundary chains}2} FH, Z;(K) = D; + B, (K)©°]
t}. boundary+= figure eighta} 22022 D) = Z;(K) N {boundary chains} =
(a,by = Z*°|t}. Bi(K)ND; < F3H4, 92l 2] 2-chain ¢o] t] 5} dc7} bound-
aryol] 285 7] AL ¢ = nre] Fo] HojoF a1, o] W Jc = ndr =
nb+a—>b—a) = 0°2F 99 image’} H+ l-cycle2 0¥ ot} ule}A
H\(K) = Z(K)/Bi(K) = (D, + By)/By = D, /(B, N Dy) = Z*°] t}.

2-cycle> A&} wpRATIA R ¢ = nre| Fo] FHojof dt=H], dc = ndT = 09]



22 7} 2cycled & A8 4= o} whegtA, Ho(K) = (1) = Zo| Ttk

Ho(P?) = Zot¥.

1-cycle2 boundaryol| A gt A ZH6H ¥ =0 boundary+ circled} ZoB2 =g
Dy = (a)°lt}. Bi(P?)N D& 7314, ¥2] 2] 2-chain c°f| )3} dc7} bound-
aryoll 285 7] Y| A= c=nrolal, o] wf dc = ndt = 2na°)BZ By (P*)N
Dy = (2a)°] = o] A= H\(P?) = (a)/(2a) = Z/27 = Zy°| t}.

2-cycle2 XA} wRIIRZ ¢ = nre] Eo] FHojof 3=, dc = nor =
2nal B2 dc =00l n=0 =, c=09°] o] Hy(P?) = 0°]t}.

(3) Klein Bottle
b

K =q a HO(K)ZZO]‘#.
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SA L 7R R Dy = (a,b)0lth Ot =b+a—b+a=2a°lEBE B(K)N
Dy = (2a)°) H 3 A= Hy(K) = (a,b)/(2a) = Z P ZO T
T3 Or = 2a # 00122 Hy(K) = 00°]t}.
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