VI1I.2 Definition of singular homology

Let eg = (0,0,---,0) in R® ( or RY).
€1 = (1a0a 70)
62:<0717"' 70)
ete.
AP = the simplex spanned by {eg, e, - ,e,} = the standard p-simplex.

The i-th face map f!: AP~ — AP is an affine map given by
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Lo, 7 fI(APY) = fi(en,+ ep1) = (€0, 1 Greee sep) < AP,
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Let X be a topological space.
A singular p-simplex in X is a map o : AP — X.

i-th face o of ¢ is a map : AP~! LN A Xjie,o® =00 f;

S,(X)E singular p-simplices in X o] 2] 3] A generated=] += free abelian group ©]
2}al 3}A} (more generally, the free R-module generated by singular p-simplices
in X) =+, the group(module) of singular p-chains®] 23l % St}
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o] A boundary operatorg A 2] 3}A}.
Define a homomorphism 0 : S,(X) — S,_1(X) by

p p
0o =) (~1)'e => (~1)oo fi
i=0 i=0

I+ informally,

p

doleg, - ep_1) = Z(_lyg(eo,... Gy ep)

i=0
Note
1.0%°=0 : same as before.
2. %A 21(check) Ingeneral, o(eg, -, €, €11, ,€p) ~ —0(€0, €1, €4+
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A7 € A? - XE= £(a) = p,Va € A?Q constant mapo] T} FE3H =
2-simplex & 1-simplex® 18] 3} Z+o] collapsing A] 7]+= map©]il 0 & ¢YoTE
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0o =00 — () 4 52 = 0(6,1,2) —0(0,/1\,2)4—0(0,1,/2\) =7—p+70o]lal
I =p—p+p=polBZE,
T+7=00+p=00+0 =00 +&)7FtHAN 7~ 7Y & 5 U

oAl X 9] singular chain complex& & 2] 3} A}
S(X) = {S,(X),0}< singular chain complex of X2}

k-
ol
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0
pe1(X) 2 Sy(X) 2 5, 1(X) = -+
p-th singular homology group of X, H,(X

)
Hy(X) = Z,(X)/By(X)

where Z,(X) = kerd, (whose element is called a cycle) and B,(X) = im0,
(whose element is called a boundary).

2} A9 Firh ojuf R-module®] A% (H,(X : R))< FE 817 A8 A H,(X
Z)&ral A 7| % gt}

1. Functorial property for H,
Let f: X — Y be a map. Then f induces a chain map.

Define f; : S(X) — S(Y) by 0 — f o 0. Then

"f1(00) = f,(30(=1)'0W) = 32(=1) fro® = 3o(=1)'foo™ = 3(=1)'fo(oo
[ =2(=1)(foo)o [ =0(fo0)=0(fi0)
" fﬁa = 8f,i4

Hence f; induces a homomorphism f,(= H,(f)) : H,(X) — H,(Y).
(1) id: X — X = id, = id

2 XLY L Z=(gofly=gofi= (gof).=gof

. H, is a covariant functor from the category of topological spaces to the
category of abelian groups (R-modules).
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X7} point o] B2 S, (X) =< ¢, >°]th. A 7] A ¢, : AP — X 2] constant map ©]
o =
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3. {X,} : path-components of X
= S,(X) = PS,(X,) since AP is connected and Ve € S,(X) can be written

uniquely as ) ¢,. Moreover, 0 : S,(X,) — Sp—1(Xa).
= Zp(X) = @DZp(Xa) and B,(X) = PBy(Xa)

= H,(X) = @H,(X.)

4. Let X be path-connected. Then Hy(X) = Z(orR).

3 (Idea)

m e XB DAL 2W 159 499 o € X AoloE o] & 9
= path7} A8}, 1-simplex p : A — X9 imageE ©] pathg}al 319
Op =1 — 0 7} 513 WA o ~ 100 AT
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I8 S c=00 & Y n =09 Holx}
o] 71 A 0;+= 1-simplex©] T}
(S)e =" niw; — (Xoni)zo = > ni(x; — x0) = > nidp;
o] 71 4] X 7} path-connected2}= Z 7 o] AT}



ol A So(X) = Z (or R) Y mx; — >S.m; 2 Az H A Z2]H e ontoo)
Tocod = 00]ch ER QoA HAW AL o] &3hE, W X7} pathe
connected2}d kere = im0, ©] FHo] S 9 Sy = 7 — 0L Spoll A exacto] T}
w2l Ho(X) = Sy/kere = Z7) E T}

2] 1 Given a chain complex {C,d}, an epimorphism Cy — Z — 0 with
€0 0; = 0 is called an augmentation. And the homology of --- — S,(X) —
A So(X) = Z — 0 is called a reduced homology of X and denoted by

Hy(X).

Note

L. Hy(X) = Hy(X) if p > 1

2. Hy(X) = Ho(X) P Z, since So(X) = kere @ Z and imd, C kere.

3. f];(pomt) =0 Vp.

Aol 2 A chain complex {C,, 0} is called acyclic if H,(C') =0 Vp.

An augmented chain complex {C,, 0, ¢} is called acyclic if E,(C) =0 Vp.
ie.,

0 0
[p— p+1_>Cp_>Cpfl_>”.

is acyclic if and only if it is exact.

Example {5,(pt.), 0, €} is acyclic.



