VI1I.3 Homotopy invariance of homology
Goal. f~g: X =Y = fi=g.: H)(X) — H,(Y).

2] 1 (Chain homotopy) Let f,g:C — C’ be chain maps i.e.,
f={fr:Cp— Cy | fp-10p, = W' [}, 9 =A{gp: Cp— C, | 9p—10p = 9y'gp}-

A Chain homotopy D between f and g (D : f ~ g) is a collection of
homomorphisms {D,, : C, — C,41'} such that 0,.,'D, + D,_10, = f, — g,
(simply denote by 0D + DO = f — g)

AE| 1 If f~g:C—C, then f. = g.: Hy(C) — H,(C').

% 2€ Z,(C)= 0Dz = f(2) — g(2) = f(z) ~ g(2) = filz] = g.[2] 0
Special case : C=C', f=1id, g=0

Then a chain homotopy D between ¢d and 0 is called a chain contraction and

if C has a chain contraction, then C is said to be chain contractible. In this
case, 0D + D0 = 1.

2] 2 IfC is a free chain complez, i.e., each C,, is a free abelian group,
then C 1s acyclic < C 1is chain contractible.

%% <) by theorem 1, id, = 0= H,(C)=0Vp
=) Define D,, inductively.

C, ‘ 4 - Cy - 0 . free
i a7 i o
l £ HDll £ EDOl g0
Cg Cl Co 0 . acyclic

2| A2} o] 09| A CypE 7F= zero homomorphism& A& st A d2 L
2 DE AYsit

Cp7} freeo] B2, D7} SATE Hol7] H3lA= CpY generatore] sl &
AL UEHodEAN Cp i B 7hs 57 A4S Hold Hth &, 7} generator
gl thet 0D(g) = g — DO(9)E HE5dte Cpa ] 94 D(9)E HH3A171H
At} (Induction®] 78 A M D= ojv] FH Aolal JFHe] DE F
o] 3o o} BhTk.)

9] diagramof| A o}&)] €] sequenceZ} exact O] B2 9(g—DI(g)) = 00]H 9(h) =
g— D)2 h e Cprro] AL D(g) — he B B},

webd, o1 - DI) — 092 Sl Ack 1),

01 —-D3)=0—-0Dd=0—(1—DJ)d=0—0+ D3 =0
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ojln® FWo] EWt 0

Note. Comparison theorem in homological algebra
(1) Existence of chain map lifting a given k : Z — Z.

C C_'za C18 CanBO . free
I = EM lk
NPT P 9 . :

C, e CQ 01 C() 7 0 . acychc
Ohy1 = 1,09 b 0] EATE Holeld Ae) 20149} TR 2 0y
09¢ SHelshl BTk Okyd = k10" = 091 B2 A GA 02 kT H93) 1}
2+ g
(2) Existence of chain homotopy between two liftings.

C Cy Ch -Co Z 0 . free
kz,k’Q,.‘_‘." k17k1/>-”'.>. ko,kol_,
apy | A | o |F
2 ¥ ¥
C’ Cy 4 Cy 7 0 : acyclic
HA D:Z— Coe D=02%2 33,9D =k, — k) — D7} =% DE
HHoz Fos it weba b et UVWWE I(ky — k' — DO) = 0¥
& Ss Ar.
a-dl, ok, — DO) = 0k, — 0k, — 0DO = k,0 — k,/O0 — 0D0O = (k, —
k, —0D)0 = D@(‘? =(0olBng Fo] Eyr}

BEAT 3 X is a star shaped subset of R" = ]:vI(X) = 0.

2w We may assume X is star shaped from the origin. Construct a chain
contraction D:

Sy —> 8 —> S ——~17Z 0
{z’d = lid Do Lid --"'v'.bltid

b £ b
So Sy So Z 0

Define D_;(1) =constant map to the origin.

Given ¢ : A? — X, define D(0) € Sp41(X) by D(o)(sep + (1 — s)t) = (1 —
s)70”(t), where s € I and t € (e, - ,epr1). (FAIE3H D(o)(ep) = 0 and
D(o)o f), =0



p =09 AL D) =0, Do)V =00|B2, 0D(0) =0 — D_,(1) =
o)olthk. wEbAl, 0D + De = 10] A H gt}

Q
|
>
L
[
—~

00)3L, D(o) ) = D(o)7} 4 Y &}

3 =
( D(J)(H_l)(el) € :Do—(elf" 7éi+17"' 7€p+l)
D(‘T(i))(ela 7610) = U(i)(e()v B epfl)
= 0(607 7él7 7617) = DO'(@I, : 7éi+17 : 7ep+1))
et
p p
0Do =Y (1) (Do) + D(0)® =Y (=1)"'D(c™) + 0 = —D(do) + 0
=0 =0

o|B R, JD+ DJ = 1°] 4 H gt}

RRAR 4 Letig: X - X xI andiy: X — X x 1 .
z — (x,0) z+— (x,1)
Then for any space X, ¥p,3Dx : Sp(X) — Sp1(X X I) such that
(1) 8D+D8:i1ﬁ—z’0ﬁ
(2) Dx is natural, i.e., Vf: X =Y,

Dx
Sp(X) == Sp1(X x I)
lfu l(fxid)ﬁ commautes.
Sp(V) s Spa (Y x 1)

gHef o] Mz el Fstac the Jet 4yt

6]

X

3

There exist F': X x I — Y such that f = Foigand g = F oiy.
By the above lemma, there exists D : igy =~ 41;. Hence, ig, = i1, 1 H(X) —
H(X x I). Therefore f, = (F oigp)s = Fyoigy = Fy0i1. = (F 0i1)s = s

=
o

O
W22 6 X ~Y = H,(X) 2 H(Y)

mebs HzAHelw ZYebd B}



Bz2A2 9 39 (Induction on p)
idea. WA DE "model space” APl thal| Al AL d}al, DO naturalityE 9]
|5t A9 X thete] DxE Bt

WA p =09 B9 D: Sy(AY) - S(AY x )& B 3E AL & pointo]
22 Sy(A%)%E= constant map o0& generate®] = free abelian group©] t}. o 7]
A, DoZ obviousdt 1-chain® & A3t} = Do : A — AP x Jo| A A9}
N'x [= BRAA 07 72 space®| 2 & Do+ identity map 2 2 7 9] 3t} o]
W], 0Do = i1 00 —igo o =iy(0) —ig(o)°] AT}

p =09 Beoe 22 wEoz A9el space Xoll Bh3ke] Dy : 5y(X) —

SI(X x NE vt2 H& 4 =0, 0 = z(constant map), z € X o3}
o] DoE A'A {z} x IE 7}= identity map” 22 AL stH 99 =7

(1),2)5 &< 97 &3 2 5 Aok

p>02% B p—17kA (1),(2)8 BE3tE Dx7F A 8cia 714 3Rk

i =id: AP — APOl TSFS] ODi + DOi = iyy(i) — ins(i) S WHESE Di €
51 (A7 x )2 B33},

c =iy (i)—igg(i) —DIi € S, (AP X )& F131, ¢ = IDi7} H 25 Dig F Y3 oF
Bt} AP x [ 7} star shapedo]| 22 ¢F2] X Z A g o] 2] 5} [A{T(AP x 1) =00°]
o] S, (AP x I)¢] augmented chain©] acyclico]t}. whebA], F g 298] S
A8} 2ol gc = 0%k &olshd HAr)

234, inductiond] 71 L o] &35HH

e = i1y(94) — i03(94) — (i15(90) — i0g(9i) — DO(Di)) = 0
olm2, Di7} & eolHtt
o|Al DiE ©]&3to] 22| space Xl thsto] Dy : S,(X) — Spi(X x )E
74 & 342},
dee] o€ Sp(X)E 0 A — Xl mapo|BE, 032 gy : S,(AP) — S,(X)
9l mapo|th. WekA, Dyo = (o x id),DiZ B2 e} e

Sp(X)+E o= E generate™ = free abelian group©| 22, Dy += well-defined ©]
3, o)Al 27 (1),(2)% FlshE FHo] Btk



Check (1):

(AP x 1) Sp—1 (AP x I)

e

Spr1(X x 1) Sp(X x ) —— S,1(X x I)

Aok, &, F Y AR E2 02} 0] commute gl AFA 2 B E commutedh
A, 7ZFH(M22 Hole) AMLE L spaces ZHe] map©] commutedt2 2
functorial property 2 ¥ commutedtth. (igy, 1,9 naturality.) 2-EZ2 H
253 AL L2 induction®] 7FY S 2 B E] commute$tt). (DE] naturality.)

webA,
ODxo = d(o x id),Di = (o x id),0Di = (o x id)y(irs(i) — ioz(d) — D)
o) W, iry9] naturality 22 (i0, 8 A$E THA7HR))
(0 X id)ging (i) = ingoy(2) = 115(0)
=3k, D2 naturality 2 5 E

(O’ X Zd)ﬁD(@Z) = Dxdﬁ(ai) = DXaO'ﬁ Z) = DXaO'

WebA, O0Dx =iy — iy — Dx0Yd = AT 5 QAT
Check (2):
Ao map f: X — Yol thalo] ths diagram< A 23l H AL
Sp(X) P Spn(X x )
o (oxid)
”/" £ /’
S, (A\P) D S, (AP x ) (fxid)g
(fo% (fo%
S,(V) Sy (Y x 1)
FZEo A7y functorial propertyol] &3} commutedtal, i € S,(AP)e]
el Dx o] ol o st $1&] ALz E o], Dy 8] ool &5t ofefj o] Apzt
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¥ ©] commute @t MERA, F] & A o] commutedthE AE A &

9k

o

Review of the proof of 2.
Need
(i) {S(APxI),0,¢€} is acyclic.(to define D for model space, AP and i € S,(AP))
(i) {oyilo : AP — X} form a basis for S,(X).(to define Dx for V.X)
(iii) ¢4 and 74 are natural. (to check (1))
=with functorial properties,
dchain homotopy D : ig =~ i1 s.t. naturality of D holds.

Note.
T = the category of topological spaces.
S= the category of chain complexes.(with augmentation)
S:7 — § is a functor.
X — S(X)
S": T — S is a functor.
X — S(X x1I)
igy and 414 are natural transformations : S — ', i.e.,
S 8(x) L sy
g || ¢g§ N 1 iéfﬁ
S S(X x ) (fxicds S(Y x 1)
A 2] 2 7= the category of chain complexes , S= the category of (augmented)
chain complexes and chain maps. Let M C Ob(7T) (called models).
Let S: 7 — S be a functor from 7 to S.
(1) S is acyclic relative to M if S(M) is acyclic VM € M.
(2) S'is free relative to M if Vp > 0,3J, and 3 an indexed family of {M, }aes,, Mo €
M and 3 an indexed family of {is}acs,,ia € Sp(Ma) s.t. {S(0)is|a € Jp,0 €
hom(M,, X)} is a basis for S,(X).

A2 7 Acyclic Model Theorem

Let S,S": T — S be functors and M C Ob(T).

S : free relative to M and S’ : acyclic relative to M.

= (a) 3 a natural transformation : 7: S — S’ as a lifting of a given 1y : Sy —
Sy-(or k - Z — Z for augmented case)

(b) Given two such natural transformations 19,7 : S — S’,3 a natural chain
homotopy D : 19 ~ 1.



%% (a) Use induction.
Ist, define 7, for i, € S,(M,):

e (M) P 8,1 (Ma) T

i"'p lTpl
v

l o / 0
'—>Sp(Ma)—>S (Ma>—>

p—1

S'o] acyclicol| B2 7,7} 2A 32 Ho|HH 07,,0=0¥< Kol Atk 19
t induction 7}l &) 97,10 = 7,000 = 0.

2nd on X : Use Naturality.

in € S(Ma) 2 8, 1(M,)
% /
S()ia € S,(X) l S, 1 (X)
5,0L) 5,01,
Sp(X) Sp-1(X)

S(0)iaE0°] Sp(X)9 basisE o] FEZ

Define 7, for S(0)i, : 91 diagram box®| A i, 0l s olv] 7,7} Fol=
o] Jerg Y& Ho| commutedtEF 7,5 Fojstd S

JFH AQstal B
E o] commutedtE E UHE commute.

.. Tp is a chain map, V.X.



7, is natural: f: X — Y o,

o] A= 715 A i, 0l tisl] HolA 7,8 Fe} S, functorial property®l]
o5 kvt w32 ©} commute.
S(0)igol B3l ¢ % commute.

(b) exactly same as before. (&A] 22.) 0

9] 3 A chain map 7 : C — C’ is a chain homotopy equivalence if 3 a chain
map 7 : C" — C s.t. 77" ~ide and 7' ~ ide.

Note. 7:C — C': chain homopoty equivalence. = 7, : H.(C) = H.(C').

wEAe] 8 5,9 : T — S, T with models M and S, S’: both free and acyclic
relative to M. = 3 a natural chain map 7 : S — S' and any natural chain
map s a natural chain homotopy equivalence.

%™ AMT. (a) = natural chain map 7 exists and also 37" : & — S. Now
T ST — 5

AMT (b) = 77" ~ idg, similarly 7'7 ~ idg 0

An application. (Equivalence of homologies)
If K is a simplicial complex, then we have

C(K) ~» H(K) = simplicial homology

A(K) ~ Ha(K) = ordered simplicial homology
S(|K|) ~ H(|K|)= singular homology for | K|

BRA-Y 9 K: a simplicial complez, w: a vertex (as a simplicial complex)
not in K. = {C(w* K),0,¢e} and {A(w* K),0, e} are acyclic.
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2w Construct a chain contraction:

A\ A

A

S N Ng—1,

Let D_1(1) := w.Then e(w) = 19|22 OK.

Define D(vg, -+ ,v,) = (w,vg, -+ ,v,) : join operator.

Then (0D + DO)(vg, -+ ,vp)
= (w, v, - ,vp) + D(E(=1)"(vo, -+ , Vs, ,0p))
= D=1 w, G+ (s ) FD(— 1) (w, G, vp)
= (UO, ... ,Up)-

Similarly for {C(w * K), 0, €}. 0

wEAe 10 (1)Vo € K, H(o)= Ha(o) =0

(i.e. {C,0,€e} and {A\,0,¢€} are acyclic w.r.t. o.)

(2) The chain map p: A(K) — C(K) is a natural homotopy equivalence.
(U07"' 7Up) = [UOv"' >vp]

ZH(1) R2A29IZFE clear.

(2) A,C : C(K) — S are free and acyclic functors relative to models M =
{o|o € K}, where C(K) is a category of subcomplexes of K with inclusion as
morphism. Since p : /A — C' is a natural chain map, it it a chain homotopy
equivalence by the previous cor.(T-5 7 g 8) 0



