VII.4 Mayer-Vietoris Sequence

U-small homology and sd-operator

1. Define a chain map sd : S,(X) — S,(X) naturally : use induction
p=0 o S(X) ST

l Sdo =1id H
p>0: 1st for i, € S,(AP) ,Vp

Define 8, : A (AP) — A" ((AP) as B(vo, -+ ,v) = (b,vo, - -+ ,v;) where b is
a barycenter of AP and A/, (AP) is a subgroup of Si(AP) generated by affine
singular k-simplices denoted by (vg, - -« , vg).

Then 06+ 80 =1:

Given 0 = (zg, -+ ,x) € AN (AP),

do = 8(Jﬁik) = Uﬁ(aik) - Uﬁ(g(_l)i<€0’ RN 7€1€)) = E(_l)i(an R SR

Now apply the formula for join operator in the proof of Lemma9.(3.Homotopy
invariance of homology)
1 st : Define sd for i € A (AP) as follows.

i > di

sd sd

\%

Bsddi <2~ sddi € IN,_1 (AP
5 D

sdi := [(sd0i
Then 0sdi = 08sd0i = sddi — (30sddi = sd0i — Fsd00i = sd0i,

i.e., sdi is a chain map.



2nd on X :
16)

Au sd }//aﬁ
X)

SP(X> Sp71<

0i
sd

|

R

8,(X) —— S, 1(X)

A Zo] 4F Hol commutestA sdxE 89
28 ¢EE commutedtA a1 wabA chain map 2 A o] H o}
Naturality of sd, : same as before

2. sd ~ id: chain homotopic.

29 use AMT.

sd,id : S(X) — S(X) natural chain maps

= d natural chain homopoty D : sd >~ id. 0

Note. Cor. of AMT = sd is a natural chain homopoty equivalence.

3. Let U = {A} be s.t. X = |J{A|A € U}. Then Vo : singular p-simplex in
X,3Im > 0s.t. sd™(0) € SY(X) where SY(X) = {0 € S,(X)|o(AP) C A for
some A C U}

TR X =U{AA e} = o7 =U{o " (A|A e U}

Let € be a Lebesque number for this open cover.

Choose m s.t. (;L5)"mesh(AP) < e 0

4. Let U = {A} bes.t. X = J{A]A € U}. Theni: S¥(X) < S(X) is a chain
homotopy equivalence.

%7 Construct a chain homotopy inverse 7 : S(X) — SY(X) s.t. 7o =id
and i o7 ~ id:

Let m(o) be the smallest integer s.t. sd™) (o) € S¥(X)

Note m(c) > m(c®)

Want T's.t. 9T'+T0 =107 —1id.

% 3D s.t. D + DO = sd — id

= dDsd + Dsdd = sd* — sd



ODsd" ' + Dsd*10 = sd* — sdF1!

EF Tt
OD(1+4 -+ sd*™ )+ D1+ +sd* 10 = sd* —id

Define T'(c) = D(1 + - -+ + sd™)~1)(o)

Then (0T +T0)(c) = 0T (o) +T0(0) |

= 5d™)(0) — o — D(1+ -+ sd™ 1) do + N(—=1)'D(1 + - - - + sd™ )15 D
= sd™) (o) — 0 — D(=1)ID(sd™ ™) 4 ... 4 5d™@) 1))

. Define 7(0) = sd™) () — 2(=1) D (sd™) + ... 4 sd™@1)(5)

Then (0T +T0) =ioT —1id.

Now note that 7o i = id on SY(X)
(. o)|] U-small 3FJ7} m(o) = 0,m(c@) = 0) 0



Snake lemma(Zig - Zag lemma)

(1) Given a short exact sequence of chain complexes,

O_>CI_Z>C_Q>CN_>O

where C = {C,,0},--- etc. and i and ¢ are chain maps. Then we can
obtain a long exact sequence

Ox N * ” O« ’
- ="H,(C') = H,(C) = H,(C") = Hy1(C') - -

714 0. o3} 2ol AAth £4 ¢ € Z, o Al e € Z, such that
q(c) = ¢" 3}kl ¢7} chain map ©] B & god(c) = doq(c) = d(c") = 0°] A H3H
of 3t} wakA exactnessoll 2| A i(c) = 0(c)E AP € Z, 7t &
A oF &L 0,[c"] = [ |2 BY T}

Well-definednessE checkdl”7] 9sA o F7HAE AHHE AL HA ¢ tjAl
off b2 ¢ € Z,& A TtaL 7}, Ja € Z;D such that i(a) = c—c; 7} 5
of c,oll SSA Bk ¢, € Z, o NN da= ¢ — ¢, 7k B AT Z 0.9
A= o] Az BAeA Z ATy T3 ¢ thAlof ¢ +ad S A= 3]
= 2 AAD. oA Od'E (0] = [ + 00|12 AUIE 2.9 OE Al
o}

o] A] long exact sequence?] exactnessS check f 2 A}

WA H,(C)ol A exact B4 A H B, goi = 00| BE g,04, = 00] Y31
W2} A im i, C ker .0 4 G ATh E ot g(c) — od' < col T g(d) — d' 2}
T, q(c—0d) = q(c)—0q(d) = q(c)—0d" =0 |2 E (/) = c—0dS] ¢ € Zz/>7]'
BT A [d = Llc]o] AFAA ker g, C im i, 7 ol H,(C)olA
£ exact3tth. 22 ¥HH © 2 diagram chasing& S8 A H,(C") 2} H,(C')ol Al
exactTS HGA &+ Aok

(2) 912} Zo] oA long exact sequence: functorialo]t}. &, 012 com-
mutative diagramoi] o & A



0= >¢c-%c =0

b o

OQ_DI?ID?D//%O

ob#f diagram©] commute3c}.



Mayer-Vietoris sequence

1. Let U = {A, B} be such that AUB = X. Consider S,(A),S,(B) C SY(X).
Then we have a short exact sequence

¢8 ¢8€B8
() 0— S,(ANB) % S,(A) @ S,(B) > SU(X) -0
¢8 ¢8GB8

where ¢(c) = (¢, —c) and ¥(a,b) = a + b.

(Check) ¢ is one-to-one.
1 is onto.
Yo@p=0and ker p Cim ¢

Note ¢ and 9 are chain maps. Furthermore, (x) is functorial,
ie., forany f:(X,A,B) — (X A, B)
=

0 — S(ANB) —% S(A) @ S(B) % SU(X) — 0
Ve VFOfy | F
0— S(A'NB) re S(AYP S(B) 7 SU(X') =0  commutes

Hence, by snake lemma, (%) induces a functorial long exact sequence

. — H,(ANB) —% H,(A)@ H,(B) = HY(X) % H, ,(ANB) — ---
V- 1o | V-
N HP(A, N B,) - Hp<A/) @HP<B/> - Hg(X/) - pfl(A/ N Bl) —

o] 7] A ©] long exact sequence & Mayer-Vietoris sequence 2}l FE2T},
Note ¢.(v) = (v, —7) and Y. (o, B) = a + 3.

ol A d.aF AMEAL o € Hy(X)
a; € Sp(A) and as € S,(B)E 4T

HY(X)E= a = {a} = {a; + ay}, for
AL, ot o] diagram-= KA,

> 1R
o

(@)



2 (ay,as) ai + as

| Jo
aal — (8&1,6(12) — 6&1 + aag =0

webA d.a = 0. {a} = 0.{a1 + ax} = {da1 } 7} H T}

2. Mayer-Vietoris sequence holds also for reduced homology if AN B # 0 ; It
suffices to check that (%) holds for augmented chain complex.

0 — So(ANB) = So(A) D So(B) = SH(X) — 0

\Le . \Le@ﬁ . i/e

0 Z VASY/ 7

219 diagramol| A diagram commutativity £ check & 4 JoBvZ g
reduced homology 2] funtorial long exact sequenceS QA E T}

e}

rr

3.(Remark) Mayer-vietoris sequence holds in general for an excisive couple
A BCX(AUuB=X).

{A, B} is an excisive couple if S(A) + S(B) — S(X) induces an isomor-
phism in homology.

4. Mayer-Vierotis sequence for simplicial homology
A(Ky) + A(K2) = A(Ky U K>) and O(Kq) + C(K,) = C(K U Ky) 7k A4 |8t
B 2 simplicial homology®l] ] 3+ Mayer-Vietoris sequence”?} A 3 gt}

5.Example

4 @ (1) H.(5")
g ™I Zo] AE E7e e e x93 A
o2 S BE TS ~ o
2 34, A9} B& n =, point2} homotopy typeo] Zal,
AN B S" 2} homotopy type©] Zt}. WetA] Mayer-vietoris sequences 4
|5l 59,

—_~—

-~ H,(AN B) = H,(A)@ H,(B)(=0) — H,(5") > H, ;(ANB) —~ -+



S H(S) 2 Hy (S =27 AP Aeshd ohew) 2ok

n>0 p=n>0= H,(5")
p>n= H,(S") = -~ H, (5% =0
p<n= H,(S") = . .=

w2} A

Z p=0,n

Hy(5") =1 0 otherwise

n_ (ZBPZ p=0
H,(S7) = { 0 otherwise
7b A3} oAl Hi(S') = Z9] generatorS A S| H R} WA H(S') =
N 0 —~— ~
Hy(S") 2 Hy(S) = Zo| 22 Hy(S°)] generatorE 2},

FA 5 S(S)(= Z@Z) S Z — 08 A
HH kere = (a,—a)°]al mebA Sy(5°)2] cycled

((1,-1)) o]t} A= Hy(S°)9] generator: x — y7}
B Hrot
a ol Al 4] 183} o] 1-chain a1, as S A 3R} 1

2 4 =9of s A 0,(a; +ay) = da; = v —y7}
A Gt whebA H(S1)9] generator= {a; + as}7}F
B At

@2 Hy(S?) = 7Z generator+= 91 €1 7}7?(check)

(2)Figure eight(=X) ©f o+ homologyE Al 2+l H. A}

O3} o] A9} BE MESHH, A9t B S'3 AN BE point€} homotopy
typeo] Zt}. o] A Mayer-Vietoris sequence®l] 2 -8 A A H ¥,



—~ —~ —~—

— H,(ANB) — H,(A) @ H,(B) — H,(X) —~ H, (AN B) —~

H(pt) = 00|22 H,(A) @ H,(B) = H,(X)7} 5 o]
E(X) { feaz ’gtieivvlse '

1o, QutA o=

)

(

. 2 0§
SO

Ty 2 op=1
Hy(X) ={ 0 ,otherwise

NORC:
A

LEZE O35 ALt Zro] Torusoll Al S W= open set= B, I IS X
3} open neighborhoodE A}l A A+ point2} homotopy typeo] Z

11, B+ figure eight 28]11 A N BE S'9F homotopy type©] ZT} wlzhA]
Mayer Vietoris sequence®l] A 8314,

7 4 sy,

(3) Closed surface

—

— H,(AN B) = H,(A)@ H,(B) ~ H,(X) ~ H, (AN B) —~=

7} § 31 (71 A Hy(A) = 00]t}.), EE3)
0 — Hy(X) — Hy(S") — H\(B) = H\(X) — Hy(S") —

£ AW EW (Hy(B) =0),H,(S') — H(B)7} zero map o] F|B& Hy(X) =
Hi(S") = Z,Hi(X) = H\(B) = Z@Z7 Ak EF, p > 3019, H,(B) =
H,

0,H, 1(S') =00]22



2P7Z ,p=1
()=,
0 , otherwise
7} H ek
a
X =p2= [ =B
a

P?o| A WAl 183 o] 3+ -8 W= open set2 B, 13 -& E§3}= open
neighborhood+ A#}tal 3} A= point, B AN B S'3} homotopy type©]
7t} Mayer-Vietoris sequence®]] %83},

e HP—H(X) g Hp(Sl) — Hp(B) g Hp(X) g

p—1

0 — Hy(X) = Hy(SY) = Hy(B) > Hy(X) — Hy(S") — -+

S WY, g H(S)(=7Z) — Hi(B)(=Z)% 1€ 202 B+ mapo] B2 (4]
WA 23 FZR) injectiveo] o} WA f7} zero maBJO] g O]/Z\/HQ(X) = (9]

B}l 3 Hy(S!) = 09] 22 h7} surjective 0131, Hi(X) = Hi(B)/ker h =
Hy(B)/im g = Z/227} At} F,

A ,p=20

0 , otherwise

ol o},

10



Note
283} Zo) a,b,c 283 DE A3, 0= {0D} = {c} — {a} — {b}7} A
Halez, Hy(X)¢ol A {c} = {a} + {b} 7} B}k

R et o 2 P2oj| A coefficient S ZHAI R == Z /25

A B AL AR B im g = RO 22 H (P*R) =
00] AT}, WFAAEA 2 Z,/28) 390l g7} zero map

O] QEE HQ(P27Z/2) = Hl(Sl,Z/Q) = Z/2, Zﬂ

A H(X,Z/2) = H(B,Z)2) =7/27} |t}

% A)23 Compute H,(closed surface).
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