VII.5 Relation between m and H;

A2l 1 There exists a natural homomorphism x 7, (X, o) — H1(X)

o] = {a}

and if X is path connected, x is onto and kery = [wy,m] a commutator sub-
group of my (i.e., Hy = my/[m1,m] is an abelianization of my.)

27 (1) y is well-defined ie., @ ~ 3 = {a} = {8} (a ~ B).
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(2) x is a homomorphism i.e., [a * 8] — {a} + {5}

08 23} o] A do =4 —axf+ao
B2 axf~a+f.




X 7} path connected2} 7} 514,

(3) x is onto :

Given z € Z1(X), z =Y nyay, 0z = > ni(a;(1) — ;(0)) = 0.

Fix paths 7Y and 5} from zy to o;(0) and «;(1) for each i such that «;(0) =
aj(1) = n) =n;. .

Let v; = n * a; % n}. Then,

XT[3]") = {Zniy = {Ena(n) + o = 0)} = {Enai} = {2}
(4) kerx = [my, m].
kerx D [m,m] : clear since H; is abelian.
kery C [my,m] :
Suppose x[v] ={v} =0, i.e., v =0c, ¢ = > _ n;o; € S2(X).
Then, v = 0c = > n;00; = > ni(ai(o) - 051) + 052)).

Fix paths 7Y, n!,n? for each vertex of o; as
before.
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Let 5 = nloy"n?, B} = nfoi"n?, 7 =
0,271
N0 ;-

Then §; := 896132 ~ 77301(0)0(1)0(2)77_} ~ 2.
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Now compare v and [ 5;". o
Note that [y] = [][8]]7' = [y * 87"] € [m1, 7] by the following claim.
Claim Let 6 = [J a5’ (ou: paths and €¢; = 1) be a loop.
exp(a;) = 0= [0] € [m1,m1] (exp(as) = ;@] A7)
proof of Claim

Define n?,n} as before. Then,
§ =Tla§ ~ TI(n) * a; * 77_11)61

Let & be the coset of [0] in 7y /[my, m1]. Then writing 8; = n? * a; % n* we have

5= Z 6B = Z exp(a;)B; = 0
Bi

)

where the last summation is over distinct 3;’s (i.e., over a;’s).
Therefore, [0] € [my, ] 0

%A 23. Compare m(X,) and H;(X,) using the earlier computations of these.



