VI1I.6 Relative Homology and Excision

el 1 A X, asubspace of a topological space X = S,(A4) — S,(X)

= 0 — S,(A4) - Sp(X) — Sp(X)/Sp(A) — 0

Vo Vo vo
0 — Sp—l(A) - pfl(X) - p*l(X)/Sp*I(A> — 0

.where 0 is an induced boundary homomorphism s.t. 9 = 92 = 0.
= {S,(X,A),”9” = 9} = S(X, A) : relative chain complex or singular chain
complex for a pair (X, A).
= H,(S(X,A)) =: Hy(X, A): singular homology for a pair (X, A)(or relative
homology X mod A).

Remark 1. This is a general construction for V chain complexes C' C C, and
hence can talk about H,(K, A) for a simplicial pair A < K.

Remark 2. (geometric interpretation)
Sp(X, A) can be viewed as a free group generated by p-simplices not contained
in A.

Z,(X, A) = q H(kerd) = 01(S,-1(A)) = {c € 8,(X)|0c € S,1(A)}.
B,(X,A) == ¢ 1 (imd) = 8S,:1(X) + S, (A)
={ce Sy(X):3a € Sp11(X) s.t. ¢ =0a mod S,(A)}.

Then H,(X,A) = Z,(X, A)/B,(X, A).

(by an isomorphism theorem, M /p/N/p = M/N)



1. Functorial Property
[ (X, 4) = (Y,B)

= 0—=S,(A) —= S,(X) — Sp(X)/Sp(A) —0 and ” f;” is a chain map.

lful lfﬁ ifn:”fn”

v
0—=5(B) —=5,(Y) —= 5,(Y)/5p(B) —=0
= f.: Hy(X,A) — H,(Y,B).
{c} = {foc}

(i) id : (X, A) O= id, = 1id.
(i) (X, 4) & (Y, B) % (2.0) = (go ). = 9.0 f.
Example.
(i) {X.} : path-components of X and A, = ANX, = H,(X,A) = ®H,(X,, A.)
(ii) X : path-connected and A # ¢ = Hy(X, A) = 0.

2. Homotopy Invariance

f

3 Let ig, i1 : (X, A) — (X x I, A x I) be level maps as before.
Need a chain homotopy Dx 4 : Sp(X, A) — Sy (X x [, A X I)
between igy and 7:

g:(X,A) = (V,B) (F(AxI)CB)= f. =g..

~
F

0 Sp(4) Sp(X) Sp(X; A)

lDADX| lDX Dx=Dx a
v
0—>Spt1(AXT)—= S, 1 (X xXI)—= S (X xI,AXxI)—=0

Check DG + DO = igo — i1y0: trivial.

(X,A) = (X x LAx ) 5 (V,B)st. f=Foigand g= Foi.
D iy iy = ige = i1 H(X,A) > H(X x [,Ax 1)
'.-f*:(Foi())*:F*OiO*:F*Oil*:<Foi1>*:g* O



3.0—-S5(A) - S(X)—S(X,A) =0
snake .
= 7 a functorial long exact sequence

T * Ox
o —>HP(A) —>Hp(X) —q>Hp(Xa A) - p—l(A) —

{¢} = {0c}

Remark. If A # ¢, define H(X, A) = H(X, A). Then 3 holds for reduced case

also.

v v V

0 — So(A4) = So(X) — So(X,4) =0
oo $

0 7 ——17 0 0
v v |
0 0 0

Example. H,(B",0B")

- — H,(0B") =~ H,(B") = H,(B",0B") * H, (0B"1) — -+-

H,(B") =0 ,Vp = 0:==
H,(B",0B") = H,(B",0B") =~ H, ,(S"\)=Z p=n
=0 p#n

4. Long Exact Sequence for Triple

Let A C B C X. Then we have a functorial long exact sequence

- — H,(B,A) -~ H,(X,A) - H,(X,B) £ H, {(B,A) — ---

o]\
ok

0— S(B)/S(A) — S(X)/S(A) — S(X)/S(B) =0 :s.es.

and apply snake lemma. 0



5. Five Lemma

Al — AQ — Ag — A4 — A5 :exact
Wl i/fQ Ws ¢f4 ¢f5 all~
Bl — BQ — Bg — B4 — B5 :exact

fizonto | fs:1—1and fo, f1 1= = f3:=.
(In particular, f; = i=1,2,4,5. = f3:=.)

%9 by diagram chasing. .

Example. Show j : (B", 8" ') — (B", B"\ 0) induces an isomorphism
J«: H(B™", 5" ') — H(B™, B"\ 0).

- Hy(5"7Y) — Hy(B") — Hy(B", S"") —= Hp1(S"7) — Hypa(B") — -+

i/j*:g i/j*:: \Lﬁve lemoﬂ _Q]%ﬂ‘]*g \Lj*lz \L]‘*::

- — Hy(B"\0) — Hy(B") — Hy(B",B"\0) — H, 1(B"\0) = H, 1(B") — ---

6. Split Short Exact Sequence

Given short exact sequence 0 — A Lo 0, TFAE :

(i) 3A & B st. joi=id.

(ii) 3B < C s.t. po s =id.

In this case, B = A @ C and the short exact sequence is said to be split.
<1 ()=(ii):

0 ASB—C—0=B=i(A)aker(j): b=ij() + (b—ij(b))

p

(" j(b) — jij(b) = 0= b—1ij(b) € ker(j) and ji(a) =0=a=0=i(a) =0.)
Plker(y) = ker(j) — C = since ker(p) =i(A) = 3s = (p|]) "' s.t. pos =id.
(il)=(i) : exactly same. 0

Example. A < X, aretract = H,(X) = H,(A) & Hy(X, A).

r



Excision

A 1 (X, A): a pair of spaces and let U C X be s.t. U C A.

Then the inclusion i : (X — U, A —U) — (X, A) induces an isomorphism
it H(X —-U,A-U) 5 H.(X,A). (i.e., U may be excised without altering
relative homology.)

Zw Let U = {X — U, A} so that {(X —U)° ,A} covers X. (See the footnote.)
Then i : SY(X) — S(X) induces an isomorphism on homology.

0 — S(A) — SU(X) — SU(X)/S(A) —~ 0

Ji=il Vi vi
0 — S(A) — S(X) — S(X)/5(4) —0

where j is induced as quotient map and becomes a chain map as before.

= = Hy(A) = Hy(SY(X)) — Hy(SH(X)/S(A)) — Hpi(A) > -+
Yis=id Jix2 Jd=122by five lem. =
C > Hy(A) — Hy(X) Hy(X, A) ——= H, 1 (A -+

Now consider SY(X)/S(A) : SY = S,(X —U) + S,(A)

p

= 5U/5,(4) = SX VLS & 5 (X 1) /(5,(X ~U) 1 S,(4))

= 5,(X — U)/S,(A—U) = S,(X — U, A—U)
— H (X — U, A—U) = H,(S4(X)/S(A))

—
Tk J

HP<X7 A) O

LR

*

Remark. Recall X7, Xy C X, X = X; U Xs.
{X1, X5} 1 an excisive couple if S(X;) + S(X2) — S(X; U Xy = X) induces
an isomorphism on homology.

1(X _ U)O _ (UC)O — 06‘



%A 24. { X1, X} is an excisive couple. & (X1, X1 NXy) — (XU Xy, Xy) is
an excision map, i.e., induces an isomorphism on homology.
%1 Hint: Consider the following commutative diagram.

S(X1)/S(X1 N Xs) — 4 S(X1 U X2)/S(X,)

0

Example.
e X =S8" Bl B9, B = A g0, U= Agt FAUE
S excision theorem< ©]&3}o] Xo| A HFZ excised = ¢l
v th (U ¢ A) AR VE T3 o] FolH VE ex-

cision theorem o} &] 3} excisedt T} deformation retract S
o] &3t UE Vexcise” & 4~ AT}

H,(S",E") = H,(S"—-V,E"—-V)
Note j : (B, S" 1) — (8™ =V, E™ — V) where r is a deformation retraction

—
dr

(le., rj =id, jr ~id) = j. == H,(S", E") = H,(E},S"1)
S AEY, E"} : excisive couple and hence can apply Mayer-Vietori sequence di-
rectly.

In general, V- C U C A and suppose that V' can be excised. If (X —U, A—U) is
a deformation retract of (X —V, A—V), then U can be excised by the exactly
same argument as above. Hence in this case, {X — U, A} is an excisive couple.



Equivalence of simplicial and singular homology

Let K be a simplicial complex. Recall that we have 3 homology theories.
(1) C(K) ~ H(K) ; simplicial homology

(2) A(K) ~ H2(K) ; ordered simplicial homology

(3) S(|K|) ~ H(|K]) ; singular homology

And we showed p : A(K) — C(K) is a natural chain equivalence,
</l)0’ ... /l)p) — I:UO’ ... ’/I)p:l
so that u, : H2(K) — H(K) is a natural isomorphism.

VAl (2)3F (3)2 )28 R
Let 0 : A(K) — S(IK|)
(UO,""Up) Hl
where [ : AP — | K| is an affine map determined by l(e;) = v;,i =0,1,--- | p.

= 0 is a natural(augmentation-preserving) chain map so that 6, : H*(K) —
H(|K)|) is a natural transformation.

If Ky < K, a subcomplex, then

0 — A(Ky) - A(K) — AK)) A (Ky) — 0

10l % vo="0"
0 — S([Ko|) — S(K]) — S(K])/S(|Kol) =0

=0, : H>(K, Ko) — H(|K]|,|Ky|) is naturally well-defined.

0. : EZ(K) — H(|K]) is a natural isomorphism. (Hence so is 6, : H~(K) —
H(|K]|) and H, : H*(K, Ko) — H(|K]|,|Kyl|) if Ky < K by 5-lemma.)

step 1 Assume that K is finite.
Prove by induction on n(the number of simplices in K).

n=1 K = {v} = HA(K) = H(K|) = 0.

n>1

Let o be a simplex of K of maximal dimension so that K; := K — {o} is a
subcomplex of K.

o := o as a subcomplex of K



bdo := subcomplex of ¢ consisting of proper faces of o

—_—

HA(K) H,(|K|)
H2(K,0) —"~ H,(|K|,0)
gt g}
H2 (K, bdo) 25 H,(| K|, bdo)

219] diagramol| A j,+ excision theorem®l 2] 3l A] isomorphisme] a1, 7} o}
2 9] 0.+ induction hypothesis®l] 2] 3} isomorphismo]t}. wpX|2to 2 4 = Z}
Zy (|K|,0), (K,o) paird]l o3} long exact sequence®]| ]3| A isomorphism |
t}h.(. oo T8t homology+ 34; 0 o] 2 2) whebA,

—_—

A ~ T
" (K) = Hy(|K])
step2 Assume that K is infinite.
(1) 6. is onto.

Given {z} € f—]vp(]KD, |z| := support of z. Then |z| is compact, and hence is
contained in |L|, a finite subcomplex of K.

HE(L) 2 H(L) > {2}

— 0. —~

Hy(K) = H(K)>  {z}

step 1 &2 BE Lo tf3dl 0,7} ~o] 1 diagram©] commutest2 2 Kof tf 3t
0,= onto©°] T}

(2) 6, is 1-1.

Suppose {z} € Hf (K) and 0,{z} = {#(z)} = 0. Then 3¢ € 5;1(\[(\) such
that dc = 6(z). |c| is compact, hence contained in L, a finite subcomplex of
K. By above diagram, 6, is 1-1.

Note Given a continuous map f : |K| — |L|, let g : K’ — L be a simplicial
approximation of f. 12| ™



/i
N N

ne=0,0p; "

H(|K")

g*:f*

el 28 BE diagram©] commuted}al, yu,, 0, 7} natural isomorphism ©]
B2 7,5 natural isomorphismo] ¥ t}.



Relative Mayer-Vietoris sequence

At 22 A ot e}t 22 sequences= 4T 5 Ut

0 0 0
v |

0 > S(ANA) 2 S(A)BS(A) L S(A) +S(A) =0 ses
Vi Vi1 @iz Vi

0> S(X1NXs) = S(X)PS(Xa) % S(X1)+5(Xa) =0 ses
| ! |

0 —= SONXy) ¢ SX1) SN | ¥ SK)+S(Xy) 0 (%)
S(A1NAy) S(A1) S(A2) S(A1)+S(A2)
| | |
0 0 0
(1) ¢ and % are chain maps. (*. chain map2] quotient* chain map)
(2) (%) is exact by 9-lemma.

Suppose { X7, Xo} is an excisive couple of X7 U X, and {A;, A2} is an excisive
couple of A; U As. Then (%) induces an long exact sequence

(*) e %Hp(Xl ﬂ XQ,Al ﬂ Ag) —>Hp(X1,A1) @HP(XQ,AQ) —>Hp(X1 U Xg,Al U Ag) —>

o 7)1 A Hp(Xy U.XQaA1UA2)O] HE ol .
S(X1) +S(Xy) <= S(X1UXy) & S(A1) 4+ S(Ag) <= S(A; U Az) o] homology ol
A} isomorphism- induced}al, 5-lemma ol 2] &} A] g(()jigiggj)) — ‘z(()jﬁf;) =

homology©l| 4] isomorphism-< induced}”| wjj& o]t}

10



(x)E Relative Mayer-Vietoris sequence 2}il F-ETt}.

Special cases
(1) X = X1 U X2 = Hp(Xl U XQ,Al U Ag) = Hp(X, Al U AQ)
(2) Furthermore, if X; = Xy = X, then

C Hp(X7A1 ﬂAz) — Hp(X,A1)®Hp(X,A2) - Hp(X,Al UAQ) _—

(3) If X = Xl UX2 and Al = A2 = A, then

c > Hp<X1 sz,A) — Hp<X1,A)@Hp(X2,A) — Hp(X, A) —>

11



