VIII. 3 Hopf theorem and m,(S")

A2l 1 (1) Let X be a space. The suspension of X, ¥ X is the quotient
space of X x [—1, 1] obtained by identifying X x {1} to a point and X x {—1}
to another point.

(2) Given amap f: X — Y, the suspension of f, Xf : ¥.X — XY is defined
by Xf(z,t) = (f(x),1).

o, XS" = gntl,

Note. f~g: X =Y =3f~3g: XX - XY.

A2l 1 f:5"— 8" = degf = deg(Zf)
%™ In general, let f: X — Y sothat Xf : (XX, X, , X ) — (ZY,Y,,Y.).
From MV-sequence, we have a commutative diagram,

~ 8*
Hpi(5X) —

H,
(Zf)*i f*i
H
oluf, 9,7} isomorphism ]| B2 degf = deg(Xf) 4= & 5 At} O

Agl 2 f: 5" - 8(=3X5"Y), n>2= dg: St — 5" such that
f~3g.

BZ2AE 3 Let f: S"— S™, n>2. Then there exist g : S™ — S™ and g € S™
such that f ~ g and g~'(q) = 0 or one point.

%9 (1) may assume Jg such that f~!(q) is @ or finite set {po, - ,pr} by
simplicial approximation theorem.

+= simplicial approximation< 7FX| 22, fE simplicial map o 2 A 23| =
At Wb fE simplexE simplex@ BUFB2Z S0 AT}3 triangula-
tions 21 3t triangle(simplex) W&F2 A& A Z3A I inverse image+

isolated seto| o} WA 3RS <& 2~ 9t)

(2) may assume{pg, - ,pr} C E')i by an isotopy of S™ by "pulling pants”.
o] 7] A isotopy+ homotopy F : X x [ — Xo|®HA Z+t € [o]] tf3}o]
F,: X — X, Fi(z) = F(z,t)7} homeomorphism ¢l map= 53+t



(3) Let L be the union of line segments from py to p;. Then may assume
f(L) # S™ (- f+ simplicial map2. 2 7}FH P S B2 image7} S AA| 7} =
Ae o))

Since f(L) is compact, there exists U, an e-neighborhood of L contained in

E" such that f(U) # S™. So, may assume f : (S*,U) — (S", E7) and q is the
north pole by rotation and pulling pants.

(4) There exists f; ~ f such that f;*(¢) = L.
Let p: S™ — [0,1] be defined by p(x) = tmin{d(z, L), ¢} and

() o )+ (L= ()
@) f@)+ (= ()

5, i< U bpgoA e fi = f, L&A+ fi = ¢ mape|th. whebA fo}
1= 2E Aol A antipodale] = A] 9k ko] Ao wel f ~ fio]th

—~

(5) There exists h : (S™, L) — (S™,p) such that h : S\ L — S™\ pis a
homeomorphism.
Let

1—
W) = pla)e + (1 —p(@))p
@)z + (1 — p(z))p|
Futhermore h and identity are never antipodal, so h ~ ud.

(6) , (8. L) (57 )
/ 7
S"™/L L
h (Sn’p)

5)0 2]8}4] his homeomorphism ] Th. WakA hE quotient map 22 o] 3]
g (q) = p7} H = g7} EA ST} =35

f~fi=goh~yg

A HYsnE S50 Tych -
A2 2¢] 59 ng north pole, s south poleo] k1l dFA}. $J o] HZ A ]
S 3ke] f1(n) = 0 or {n}oleba 7Pgah= BT

TkeF f7i(n) = Qo] f ~ ¢ ~ Xc (¢ constant map)O| 2 Z, f~1(n) = {n}<l
A St Hot

s2] ball neighborhood B,E A3 ZtsHd, f(D) C Bl ne neighborhood D7}
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ZA)8kt). olul], f(D¢)+= compact set©] il ne XETFSIRA] Fov g f(DC) C
B¢ 9l n9] neighborhood B, ©] <) gttt

S"9] isotopyE ©]&dte] D = E}E 7Pl E Tttt weta], 0D =
Sretolar, f(S™) C (B, U By)°7F 4 H ettt

75 "squeezing deformation” 7 : (S",9B,,dB,) — (S",S"1 S" )2} FAL.
7((B, U B,)¢) C S"lolm &,

gi=70 flgn1: 8"t — gt
o] & AFeoldrt =T
To f(EY) CEY, 1o f(E")CE"

7} AYEFER, Y92} 7o f= RE HolA antipodalo] T A ¢Fil u}lEhA]
YgxTof~f e & T ATh O

A2 4 deg: m(S') — Z is an isomorphism.
29 a, : St — S'E an(z2) = 2" & A deg(a,) = nolal, (S =

{lonl} = & = Atk m ()M [an] + ] = [anim]o] B HBER deg=
isomorphism ¢ = & ‘_]f; 4 9t} -

= 5 (Hopf)

n>1,f~g:S"— S" & degf = degg

29 Induction on n.

n = 1: may assume f, g : (S',1) — (S, 1) by rotations so that [f], [g] € m1(S?).

Then degf = degg = [fl=1l9] = [ ~ ¢.
n>1 f,g:8 — S"= 3If;,g : S" ' — S"! such that f ~ Xf; and

g~ Xgi.
Then degf; = deg(Xf1) = degf = degg = deg(Xg1) = degg;. By induction,

fi~aq. So, f~g. O

2] 6 deg : m,(S™) — Z is an isomorphism.
29 Induction on n.

pIp

Wn_l(Sn_l) Wn(Sn)
dek }/Ckgn
7



A 19 2 5lo] 9 diagram©] commutesti, A g 29 2] 3lo] ¥, &= onto?]
t}. Induction®] 2]3}od deg,_;©] isomorphisme] 2 & ¥, 7} injectiono] 11 wh
24 X, deg,~= isomorphismo] ¥ T} 0

Remark. (Freudental suspension theorem)
Y o m(S™) — e (S™T1) is an isomorphism for & < 2n — 1 and onto for
kE=2n-1.

General version of Hopf’s theorem
Let M™ be a closed orientable n-manifold. Then H,,(M™) = Z. So for a map
fi:M™— S" degf is well-defined.

Ael T Let f: M™ — S™. Then there exist g : M™ — S™ and q € S™ such
that f ~ g and g~*(q) = 0 or one point.

3% Same as 2 A ] 3. O

2] 8 (Hopf)
f~g: M"— S" < degf = degg



