
VIII. 3 Hopf theorem and πn(Sn)

Ça��+ 1 (1) Let X be a space. The suspension of X, ΣX is the quotient
space of X × [−1, 1] obtained by identifying X ×{1} to a point and X ×{−1}
to another point.
(2) Given a map f : X → Y , the suspension of f , Σf : ΣX → ΣY is defined
by Σf(x, t) = (f(x), t).

Ud. ΣSn = Sn+1.
Note. f ' g : X → Y ⇒ Σf ' Σg : ΣX → ΣY .

Ça�h� 1 f : Sn → Sn ⇒ degf = deg(Σf)

¤� ÃZ� In general, let f : X → Y so that Σf : (ΣX,X+, X−) → (ΣY, Y+, Y−).
From MV-sequence, we have a commutative diagram,

H̃p+1(ΣX)
∂∗ //

(Σf)∗
²²

H̃p(X)

f∗
²²

H̃p+1(ΣY )
∂∗ // H̃p(Y )

s�M:, ∂∗�� isomorphisms�Ù¼�Ð degf = deg(Σf)e���̀¦ ·ú� Ãº e����.

Ça�h� 2 f : Sn → Sn(= ΣSn−1)), n ≥ 2 ⇒ ∃g : Sn−1 → Sn−1 such that
f ' Σg.

�×�¿Ça�h� 3 Let f : Sn → Sn, n ≥ 2. Then there exist g : Sn → Sn and q ∈ Sn

such that f ' g and g−1(q) = ∅ or one point.

¤� ÃZ� (1) may assume ∃q such that f−1(q) is ∅ or finite set {p0, · · · , pk} by
simplicial approximation theorem.
f��H simplicial approximation�̀¦ ��t�Ù¼�Ð, f\�¦ simplicial mapÜ¼�Ð Òqty��K��̧
�)a��. ����"f f��H simplex\�¦ simplex�Ð �Ð?/ÅÒÙ¼�Ð, Sn\� &h�{©�ô�Ç triangula-
tion�̀¦ ÅÒ�¦ ô�Ç triangle(simplex) ?/ÂÒ_� &h��̀¦ Òqty��
���� Õª inverse image��H
isolated sets���. ����"f Ä»ô�Ç|9�½+Ëe���̀¦ ·ú� Ãº e����.

(2) may assume{p0, · · · , pk} ⊂
◦

En
+ by an isotopy of Sn by ”pulling pants”.

#�l�"f isotopy��H homotopy F : X × I → Xs����"f y�� t ∈ I\� @/
�#�

Ft : X → X, Ft(x) = F (x, t)�� homeomorphism��� map�̀¦ >pwô�Ç��.
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(3) Let L be the union of line segments from p0 to pi. Then may assume
f(L) 6= Sn. (∵ f��H simplicial mapÜ¼�Ð ��&ñ
Ùþ¡Ü¼Ù¼�Ð, image�� Sn ����̂�� ÷&

t���H ·ú§��H��.)
Since f(L) is compact, there exists U , an ε-neighborhood of L contained in
◦

En
+ such that f(U) 6= Sn. So, may assume f : (Sn, U) → (Sn,

◦
En

+) and q is the
north pole by rotation and pulling pants.

(4) There exists f1 ' f such that f−1
1 (q) = L.

Let µ : Sn → [0, 1] be defined by µ(x) = 1
ε
min{d(x, L), ε} and

f1(x) :=
µ(x)f(x) + (1− µ(x))q

|µ(x)f(x) + (1− µ(x))q|
7£¤, f1�Ér U ��¾ú \�"f��H f1 = f , L�©�\�"f��H f1 = q��� maps���. ����"f fü<
f1�Ér �̧��H &h�\�"f antipodals� ÷&t� ·ú§�¦ ·ú¡]X�_� &ñ
o�\� ���� f ' f1s���.

(5) There exists h : (Sn, L) → (Sn, p) such that h : Sn \ L → Sn \ p is a
homeomorphism.
Let

h(x) =
µ(x)x + (1− µ(x))p

|µ(x)x + (1− µ(x))p| .

Futhermore h and identity are never antipodal, so h ' id.

(6) (Sn, L)
f1 //

h

²²

q
uukkkkkk

(Sn, q)

Sn/L

h
))SSSSSS

(Sn, p)

∃g

;;

(5)\� _�
�#� h��H homeomorphisms���. ����"f h\�¦ quotient mapÜ¼�Ð s�K�
½+É Ãº e���¦ g−1(q) = p�� ÷&��H g�� �>rF�ô�Ç��. ¢̧ô�Ç

f ' f1 = g ◦ h ' g

�� $í
wn�
�Ù¼�Ð 7£x"î
s� =åQz�¤��.

Ça�h� 2�+ ¤� ÃZ� n�̀¦ north pole, s\�¦ south poles����¦ 
���. 0A_� �Ð�̧&ñ
o�\�
_�
�#� f−1(n) = ∅ or {n}s����¦ ��&ñ
K��̧ �)a��.
ëß���� f−1(n) = ∅s���� f ' c ' Σc (c: constant map)s�Ù¼�Ð, f−1(n) = {n}���
�â
Äºëß� 7£x"î

���� �)a��.
s_� ball neighborhood Bs\�¦ Òqty��
����, f(D) ⊂ Bc

s��� n_� neighborhood D��
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�>rF�ô�Ç��. s�M:, f(Dc)��H compact sets��¦ n�̀¦ �í�<Ê
�t� ·ú§Ü¼Ù¼�Ð, f(Dc) ⊂
Bc

n��� n_� neighborhood Bns� �>rF�ô�Ç��.

Sn_� isotopy\�¦ s�6 x
�#� D =
◦

En
+�Ð ��&ñ
K��̧ Áº~½Ó
���. ����"f, ∂D =

Sn−1s��¦, f(Sn−1) ⊂ (Bn ∪Bs)
c�� $í
wn�ô�Ç��.

τ\�¦ ”squeezing deformation” τ : (Sn, ∂Bn, ∂Bs) → (Sn, Sn−1, Sn−1)�� ¿º��.
τ((Bn ∪Bs)

c) ⊂ Sn−1s�Ù¼�Ð,

g := τ ◦ f |Sn−1 : Sn−1 → Sn−1

s� ú̧� &ñ
_��)a��. ¢̧ô�Ç

τ ◦ f(En
+) ⊂ En

+, τ ◦ f(En
−) ⊂ En

−

�� $í
wn�
�Ù¼�Ð, Σgü< τ ◦ f��H �̧��H &h�\�"f antipodals� ÷&t� ·ú§�¦ ����"f
Σg ' τ ◦ f ' f e���̀¦ ·ú� Ãº e����.

Ça�h� 4 deg : π1(S
1) → Z is an isomorphism.

¤� ÃZ� αn : S1 → S1�̀¦ αn(z) = znÜ¼�Ð &ñ
_�
���� deg(αn) = ns��¦, π1(S
1) =

{[αn]}e���̀¦ ·ú� Ãº e����. π1(S
1)\�"f [αn] + [αm] = [αn+m]s� $í
wn�
�Ù¼�Ð deg��H

isomorphisme���̀¦ SX����½+É Ãº e����.

Ça�h� 5 (Hopf)
n ≥ 1, f ' g : Sn → Sn ⇔ degf = degg

¤� ÃZ� Induction on n.
n = 1: may assume f, g : (S1, 1) → (S1, 1) by rotations so that [f ], [g] ∈ π1(S

1).
Then degf = degg ⇒ [f ] = [g] ⇒ f ' g.
n > 1: f, g : Sn → Sn⇒ ∃f1, g1 : Sn−1 → Sn−1 such that f ' Σf1 and
g ' Σg1.
Then degf1 = deg(Σf1) = degf = degg = deg(Σg1) = degg1. By induction,
f1 ' g1. So, f ' g.

Ça�h� 6 deg : πn(Sn) → Z is an isomorphism.

¤� ÃZ� Induction on n.

πn−1(S
n−1)

Σ∗ //

degn−1 $$HHHHHHHHH
πn(Sn)

degn}}{{
{{

{{
{{

Z
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&ñ
o� 1\� _�
�#� 0A diagrams� commute
��¦, &ñ
o� 2\� _�
�#� Σ∗��H ontos�
��. Induction\� _�
�#� degn−1s� isomorphisms�Ù¼�Ð Σ∗�� injections��¦ ��
��"f Σ∗, degn��H isomorphisms� �)a��.

Remark. (Freudental suspension theorem)
Σ∗ : πk(S

n) → πk+1(S
n+1) is an isomorphism for k < 2n − 1 and onto for

k = 2n− 1.

General version of Hopf’s theorem
Let Mn be a closed orientable n-manifold. Then Hn(Mn) ∼= Z. So for a map
f : Mn → Sn, degf is well-defined.

Ça�h� 7 Let f : Mn → Sn. Then there exist g : Mn → Sn and q ∈ Sn such
that f ' g and g−1(q) = ∅ or one point.

¤� ÃZ� Same as �Ð�̧&ñ
o� 3.

Ça�h� 8 (Hopf)
f ' g : Mn → Sn ⇔ degf = degg

¤� ÃZ� �ä́V� 3

����̧Ça�h� 9 [Mn, Sn] ∼= Z
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