VIII1.4 Euler characteristic and Lefschetz fixed
point theorem

9] 1 Let K be a finite simplicial complex. The Euler characteristic of K is
defined by

X(K) =2 (=1)rk(Cp(K)) = >_(=1)"#{p-simplices of K }.
And letf, = rk(H,(K)) = the p-th Betti number = rk(H,(|K])).

Fu 2 gro| A Betti numberE A& w H,(K )+ simplicial homology ©] 3L
H, (K]} singular homology o]t} o] B9 7 AHAAH S o]+ simplicial
homology £} singular homologyA}Fo] o] natural equivalenceZ} Q1 7] wj# <] t}.

L X(K) =2 (=1)"5,

E:

o|N

= Cpp1 = Cp = Cpq — -+ (*)

24 99 chain complex7} £A)stth= AL o} e} ZHo] F=719] short exact
sequence’} A3 th= A F x| o|th

O%Zpgclngp—l%O

OﬁBp?Zp%Hp%O
W},
rk(C,) = rk(Z,) + rk(By_1), rk(Z,) =rk(B,)+ rk(H,)

= X = 2(=1)Prk(Cy) = 22(=1)P(rk(Hp) + rk(By) + rk(Bp-1))
= > (=1)Prk(H,)

O
Structure theorem of R-module

Assume that R is a P.I.D, F'is a free R-module of rank s and NNV is a submodule
of F. Then there exists a basis {f1, fo, -+, fs} of F and dy,ds, - ds € R such



that

(1) nonzero elements of {d; f1,---dsfs} form a basis of N.
(2) di|dal---|ds

£

Reference

Serge Lang, Algebra , pp. 521-522.
Jacobson, Basic Algebra 1, pp. 179-180.

O

S48 1 Let G be an abelian group. Then G=free part @ torsion part.
And define rk(G) := rk(free part of G)

wEAe 2 rk(F) =rk(N) + rk(F/N).
In general,rk(M) = rk(N) + rk(M/N) if

0—~N—=M-—=M/N =0

1S exact.
ok
0 0 0
b | v
0 K— K 0 0
{ | |
09p‘%]\/‘)—>F—>*—>0
J oo
0—= N —> M — M/N -0
| | |
0 0 0

9 commutative diagram< A3 2 ™ nine lemmacl] 28] A f7} isomor-
phismol ¥ 30 Th2pA, k(M) = rk(F) — rk(K) = rk(p~ (N)) + rk(&) —



rk(K) = rk(N) + rk(M/N)o| 3 &t}

ul- S8 3 If (x) is acyclic (i.e., exact), then Y (—1)Prk(C,) = 0.
Examples

X =1 (r=a,
2 1nis even

{0 nis odd

(" Ho(S™) = Hn(S") = Z)

XQo,)=1-29+1=2-2g
(- Ho(Xo,) = Z, Hi(3,) = Z°9, H(3_,) = Z)

X@zxo =0
x:xoo — 1
x:xoooz-z

2.More generally, given a diagram of homomorphisms of finitely generated
modules over P.I.D,

O—>A—i>B—p>C—>0 : exact
Jo'=el yo  |é
0—>A—Z.>B—p>C—>O

where B is free, we have

tr(¢) = tr(¢)) +tr(¢)
where tr(¢) is taken on free part FC of C.
=3, 4714 ¢7} identity ] A% 19] Y43} 5L},

o|N

3

Let {b1, -+ ,bk,bgy1, - ,bn} be a basis for B such that {diby, - ,dpbi} is a
basis for A. And ¢(b;) := > 7;b;. Then

Matrix of ¢ = (ry;) = (*1 *

0 *9



where *; is the matrix of ¢| and *, is the matrix of ¢ on FC =< b1, -+ ,b, >.

Note
Ol(diby) = (db) = Y,ridib AT B, 9l(d;d,) = Yaydib ol FH,
a”d - rUd 7k 4 q sy 'Ijrﬂ-/ﬂ tr(qb]) Zan’ = Zriio]ﬂr

Noteu] &l e} 19 Zwo] A=)

U
3.Hopf trace formula

Let C be a finitely generated chain complex (of R-module), i.e., each C, is
finitely generated. And ¢ : C' — C be a chain map. Then

Z(_l)ptr(ﬁbp’op) =>.(= )ptr(ﬁbp*v ( )/T( )
o714 T,(C)+= H,(C)&] Torsion part©| .

o|N

k:

. — p+1_>Cp_>Cpfl_>"'
lz¢p+l ¢¢p ¢¢p71
- — p+1—>Cp—>Cp_1—>---

219] commutative diagramol| A 19] 3¢} up7HA 2 o] 709 commu-
tative diagram< A=t}

O_>Zp_>0p_>Bpfl_>O

ZOSE T T
0—>Zp—>cp—>Bp—1—>0

0—>Bp—>Zp—>Hp—>O
bor  dop  Nom
0—>Bp—>Zp—>Hp—>O

a3 242k diagramoll Al tr(g,) = tr(e,) + tr(e,_y) S tr(e,) = tr(g,) +
tr(dp) = & 5 AL, wWebA



tr(¢p) = tr(¢p*) + t7’<¢ ) + tT(¢p 1)
= Y (~1Pir(9,) = Y (~1ptr(d,) 7F B AR,

Note If ¢=id. = tr(¢,) = rk(C,) and 1 is a special case.

Aol 2 Let K be a finite simplicial complex and f : |K| — |K].
A(f) = > (=1)Ptr(fe, Hy(|K|)/Tp(|K|)) = Lefschetz number of f

4.Lefschetz fixed point theorem
Let K be a finite simplicial complex and f : |K| — |K]|.
If A(f) # 0, then f has a fixed point.

$A Sne] ASE AFHKEAE Ho(S") — Ho(S™)2 identityo]lal, H,(S™) —
Hn(S")"ﬂ}ﬂ tr(f.) = degfolB2 A(f) = 1+ (—1)"degf7F = o1 A(f) # 0°]
degf # (—1)""tolgh= Aot a7 aL o] A& ol golA th

r[o

% Assume f has no fixed point and we will prove A(f) = 0. Since |K| is
compact, there exists € > 0 such that d(z, f(z)) > ¢,Va € |K].

May assume mesh(K) < € by passing to a subdivision.

Let g : K' — K be a simplicial approximation of f. Recall Yo € K', g(o)
and f(o) lie in the same simplex 7 € K. Then, g(o) No = 0. If not,
gloyno # 0,g(c)nN7 # 0, f(o) C 7 and diam(r) < e. = d(z, f(z)) < €

for x € o Ng(o). It is a contradiction.

Now consider ¢, : C,(K') 2% C,(K) = C,(K"). Then tr(¢,) = 0, since the
coefficient of ¢ in ¢,(0) is 0.

¢ Hy(K') T> Hy(K) [ (K commutes

= = s
H,(|K]), = Hy(K]) 7= 1K)

219] diagramol| A LE2& BE] commutativitys Th29] diagram . 2 5 E
Fashn,



Col(K) =% Cp(K)
H’T wh
A (K) =24 N, (K) commutes

o o
Sy(IK]) % S,(1K'))

(? tr(¢.) = tr(f.) and A(f) = J2(=1)Ptr(fs) = 22(=1)Ptr(¢x) = 2o(=1)Ptr(¢p) =

O

uSAe 4 (A generalization of Brouwer fized point theorem,)
Let |K| be acyclic (i.e. H(|K|) =0) and f : |K| — |K]|.
Then, f has a fized point.

CH(K) = Z = A(f) = 140

Example 1. f: 5" — 5" = A\(f) =14 (—1)"degf.
2. f~id. : |K|— |K| = Af) = \id.) = x(|K])
If x(|K|) # 0= f ~id.has a fixed point.

S27o]| nonvanishing vector field7} QQthar 7} 342} 23] W, 9] vector fieldE
gZtA lows & 4 Y, lowE wWahA] identity 2} homotopic map< A3 2}
g 4 Ak 298 Y o+ fixed point 7t gl ©] mapd] £/ ] 59
Euler characteristico] 0o]o]oF &L o 7]3}= Aolm g Ro|th wabA
S?mo]| = nonvanishing vector field7} A& 4= Q).

u} 2 7FA] & compact smooth manifold MA}Fe]| nonvanishing vector field 7} &
AsHA, x(M) = 00] Fojof st} AA 2+ A% A H3Fal Euler character-
istic-2 nonvanishing vector field 7} 24 3}7] € 3l abstractionS 2% ¥}2g
Pty



A 4

.. R?

.. R?

4 B2l ARH{(m.n)m,n € Z)7F Fo1 A AThn k. 191 AAAEL
B Z3}= linear map F(€ GL(2,7Z))E A Z}3HAL. o] A torus?] universal cov-
ering< ©] R?gt & uff, R2AFo] 8] map F= o+ {(m,n)}= F(x)+{(m,n)}<
2 BYE mapo] H 2 & torus AF] 2] map f = FE inducedtt}. ojul], \(f)+=

oAgA = =71



