11.4 Existence of covering spaces

1. Existence of a covering space assuming the existence of a universal
covering space.

(X,7)
| p: a universal covering with a deck transformation group G g (X, x)
(X, x)

Ael 1 IfH <G, then (X,7)
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where Xy = H\ X with Ty (Xy,T) = 07L(H) and the quotient map q and
the induced map r become covering maps.
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rymy (X, ) = 071 (H) o]t}

2. Existence of a universal covering space.

Idea : the set of homotopy classes of paths from z to y
“ p'(y) C X , universal covering , via [a] < a(1)

2] 1 A space X is said to be semilocally simply connected if for each
x € X, there is a neighborhood U of x such that the homomorphism

iy m(U,x) — m (X, x)
induced by inclusion is trivial.

Assume that X is path-connected, locally path-connected and semilocally sim-

ply connected.
Let (P,x) ={a: 1 — X |a(0) =z}

Define X = (P,z)/ ~ (recall « ~ < a ~ (3 rel 0) and p: X — X by
p(la]) = (1)

Topology of X

For a € (P, z) and open set U with a(1) € U, let (o, U) :={a*xd/|o/ : I - U
with o/(1) = a(0)}/ ~ C X.

ol oA y=a(l) € X tdll, UL path-connected , semilocally simply
connected neighborhood of y(= «(1)) 8FaL 39 p| : (o, U) — U+ onto ©]aL
one-to-one ©|t}.

o] A p7} evenly covered Y& HO|x} & pH(U)= ][] (a,U):

a(l)=y
(a,U)N(B,U) # @ 2Fal 3tA}.
& (0. U) N (5.U)0l Ti3te] a'sh §/7F ZA3IA
axa ~y~ B )
= axd xa ~ Fxa x (. U7} semilocally simply connected ] 22

B~ Bxa)



= a~f

(e U)n@BU)#2 = (a,U)=(5U)

Take {(a, U)|U : open neighborhood of a(1), a € (P, x)} as a base for a topol-
ogy of X.
Check B
1. U(a,U) = X (obvious)
2. v€ (o, U)N(B,0)

= 3W C UNYV such that (v,W) C (a,U) N (B,U) o714 W+ path-
connected neighborhood of (1)¢]al U7} semilocally simply connected ©] 2
2 subset WX u}zk7}FA] (obvious)

X7}t path-connected Y& o] 2}

dolo] [a] € Xl A a,(t) = a(st)2al 3 a,= a2}l x(constant
path)E Sl patho]t}. of 7] A] a(s) = a8 A8 a(0) = [2],a(1) =
(] 7} =] o] [a]@} [z]+= path 2 AZAH T} (exercise : & is continuous)

nxeto 2 X7} simply connected & . o] A}

Let 7 be a loop in (X, 7), where & = [z]
= a:=poTisaloopin X and a =171
=a=al)=7()=z] = a~z = 717~z 1R

utS A8 2 VH < m(X,z),3 a covering space (55, T) corresponding to H, i.e.
Py (X’ f) =H

Remark
1. Universal covering is "universal”, i.e. it covers every other covering by lift-
ing theorem and universal covering is clearly unique up to isomorphism.

2. X has a universal covering.
= X is semilocally simply connected.
m(U,7) — m(X,7) =0
=l O lp
nUz) — m(X, )
= ¥ gasieh
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Let (G, e) be a topological group and p : (G, €) — (G, e) be a covering. Then
we can lift the group structure of G to GG so that p becomes a homomorphism
unique up to the choice of identity ¢ € p~!(e).



