I.2 Homology of adjunction space

Assume (X, A) is a collared pair with a collaring B and given f : A — Y,
obtain X Uy Y which is denoted by Z in this section.

Al 1 Letp: X[[Y — Z be a quotient map and = p|x : (X, A) — (Z,Y)
be its restriction. Then f,: Hy (X, A) — H,(Z,Y) is an isomorphism Vq.
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2] 2 (MV-sequence)
We have a long exact sequence

e H () Hy(X) @ Hy(Y) —— H,(Z) — Hy 1 (4) — -
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This also holds for reduced homology.
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Given long exact sequences,
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If v; are all isomorphisms, then we have a long eract sequence,
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A - A B —— B,
ar— (a(a), f(a))
(a/,b) ——= B(b) — f(@)
V———=hy"'g' (V)
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Example 1. Let (X, A) be a collared pair and Y={*}, a point. Then XU;Y =
X/A by definition.

BE) 1= [, Hy(X,A) = Hy(2,Y) = Hy(X/A, %) = Hy(X/A).

e 2= Hy(A) = Hy(X) = Hy(X/A) — Hya(A) = -

2. Wedge (or one point union) of (X,z) and (Y,y), where (X, z) and (Y,y)
are collared pairs.

XVY =X][Y/z~uy.

A={x}, f:{z} = {y} cYE T, A 29 2]3] exact sequence,
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(1)~ H,(X) @ H,(Y) = Hy(X VY) =

2



S A3 Hy(z) =002 H(X VYY) H,(X)P H,(Y)o| T}
3. (X,A) = (D" 5"1) is a collared pair.

B, a collaring
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Then Z = D™ U; Y is a space obtained from Y by attaching an n-cell by
f 8" =Y. For example, S"*! = D" U; {point}, T? = D*U; {figure eight},
and P" = D" U, P~ 1.
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0 — Ho(Y) = Hu(Z) = Ho o (S") 55 Hy (V) — Hoi(2) — 0

iﬂ/ﬂ ﬁn—l(qlfl) & Z+ free abelian groupo] 22, -E[n<Z) _ ﬁn(y) @ kerf.,
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fo s Hy(SY) — Hy(Y)e Hy(SY) = Z9 generator ¢cZ a+b—a—b = 02
Z BYEZ zero mapo|th. WA, Ho(T?) = Hy(Y)PZ = Z, H (T?) =
H,(Y)/0=Z&Zo]t}.
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fule) =a+b+a—b= 20122 HyK) = Hy(Y)Pkerf. =0, Hi(K) =
Hy(Y)/imf, — Z@ L2010}

W 7EA B 0% PP = D?U; §19] B0l fu(c) = 2001 B R, Hy(P?) =0,
Hl(]P’2) — Z/Qol R ) =

%A 6. Compute the followings.
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