
I.3 Boundary identification of two manifolds M1, M2

with f : ∂M1

∼=
→ ∂M2

Fact Let M be a topological (or C∞) manifold with ∂M 6= ∅. Then there
exists an open neighborhood U of ∂M such that U ∼=

←
h

∂M × [0, 1) with

h(x, 0) = x, x ∈ ∂M .
U is called a collar.

The idea of proof
Use local collar and splice together using Partition of Unity.
(See Vick(homology theory) for topological case and Milnor(h-cobordism) for
C∞ case.)

Let (X,A) = (M1, ∂M1) (a collared pair), Y = M2 and let f : ∂M1 → ∂M2

be a homeomorphism. Then we obtain a manifold W =M1

⋃
f M2 identifying

the boundaries of M1 and M2 via f .

Examples
1.(Sphere)
Let f : Sn−1 → Sn−1 be a homeomorphism.
Then W = Dn

⋃
f D

n ∼= Sn(homeomorphism). But, not diffeomorphism, in
general, for C∞-category.

��������� Let f̄ : Dn
∼=
→ Dn be an extension of f .

(Such extension always exists, e.g., a ”radial extension”.)

Dn
∐
Dn

p
²²

f̄
∐
id.

// Dn
∐
Dn

p
²²

x, f(x) //

²²

f(x), f(x)

²²
Dn

⋃
f D

n // Dn
⋃
id.D

n = Sn x ∼ f(x) f(x) ∼ f(x)

	
 �
�� ���� �������������! #"%$&('*)+ �� map ,- . /021- . �� � ��������34 5768:97; Dn
⋃
f D

n �� x ∼ f(x), x ∈

∂Dn(= Sn−1) <�= Dn
⋃
id.D

n �� f(x) ∼ f(x) >? @?BADCFE ;HGI >? J 6K "!LM ��ONP �#Q = . RS=UT7=�! WV =YX!ZM\[Y]^ continuous, one-to-one
��`_ ;bac onto d0`e�f+ 97;hg�ikjmlknmo �! homeomor-

phism 97; NP �#Q = .
Exactly same argument shows the following.
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Theorem A
Given Mi with ∂Mi 6= ∅, if f, g : ∂M1

∼=
→ ∂M2 such that g−1 ◦ f : ∂M1 → ∂M1

can be extended to a homeomorphismM1 →M1, thenM1

⋃
f M2

∼= M1

⋃
gM2.

���������

M1

∐
M2

p
²²

g−1◦f
∐
id.

// M1

∐
M2

p
²²

x, f(x)

²²

// g−1 ◦ f(x), f(x)

²²
M1

⋃
f M2

φ
// M1

⋃
gM2 x ∼ f(x) f(x) ∼ f(x)

	
 �
�� ���� ��p����q���F�! �"%$&('*)+ φ rs t /0u1- . �� � �������������! @?wvx y 97;{z|~}� 5768 ,- . 97;��� >? J 6K "!LM��ONP �#Q = . �0 [Y]^ f−1 ◦ g = (g−1 ◦ f)−1 97;HGI >? extension 97;����F�%�+�� ;���w���� = ac 5768 ,- .�Y����%����I >? f−1 ◦ g = (g−1 ◦ f)−1 ���+ ψ = φ−1 �� ���¡ ¢¤£� �¦¥§ ¨�©ª Q = .

2.(Lens space)

Let Mi = D2×S1 with ∂Mi = S1×S1 = T 2. Consider f : T 2
∼=
→ T 2 and what

M1

⋃
f M2 is.

Theorem B
LetMi with ∂Mi 6= ∅ be manifolds and f, g : ∂M1

∼=
→ ∂M2 be homeomorphisms

isotopic to each other. Then M1

⋃
f M2

∼= M1

⋃
gM2.

��������� By Theorem A, it suffices to show the following statement :
claim f : ∂M → ∂M isotopic to id.. Then f can be extended to a homeomor-
phism f̄ :M →M .

Proof of claim

« x

∂M

∂M × I

¬f(x)

∂M

∂M × I∃f̄
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such that f̄(x, t) = (ft(x), t)on a collar neighborhood U ∼= M×[0, 1) and define
f̄ = id. on the complement of U .

Question : What are homeomorphisms of T 2 up to isotopy?
Answer : Classical result ⇒ Gl(2,Z).
In fact, Homeo(T 2)

φ
³ Aut(H1(T

2))(= Gl(2,Z))
f 7→ f∗

with ker(φ) = Homeo0(T
2) = homeomorphism homotopic(isotopic) to id..

∴ H(T 2)/H0(T
2) ∼= Gl(2,Z).

Show φ is onto ; Given g ∈ Gl(2,Z), view g : R2 → R2 preserving the integral
lattice. ⇒ ḡ : T 2 → T 2 is induced.

­�®¯�°U±² "%$³ �I >? closed surface �����! ”homotopy ⇒ isotopy” <�=µ´·¶M¹¸7º� � =�»�¼ ker(φ) =
Homeo0(T

2) rs t Q =�½¾ ¿ exercise 2(3) £� � 97; ½ÀÂÁ � = ��� f̃ }� id. ÃH= 97; ��� straight line ho-
motopy �� �ÅÄÆ �¦¥§ ¨�©ª ac , 97;�ÇÉÈÊ £� � T 2 ËbÌÍ ���F�! �� homotopy >? ADC ¸7ºÎ ¥§ ¨�©ª Q = .
HW 7 Prove the followings.

����ÐÏ�Ñ 1

X̃ f̃
→ X̃ ′ ∀γ ∈ Γ = deck group of X̃,

↓p ↓p ⇔ ∃!γ′ ∈ Γ′such that

X ∃f
99K X ′ f̃ ◦ γ = γ ′ ◦ f̃

where p is a regular covering.

ÒkÓ�Ô� Õ×Ö�Ø��ÙÛÚ 2 (1)

X̃
p

²²

f̃

∼=
//
X̃ ′

p′
²²

⇔ C
f̃
: Γ

∼=
→ Γ′

X
∃f

∼=
// X ′

(2) ÜÝ�Þ�ßáà7â X = X ′ ãSäåçæ¡èéëêì íîuïñðå ⇔ f̃ ∈ NG(Γ), when G = Aut(X̃).(The type
of the automorphisms depends on the category.)

3



(3) Universal covering case òó æ¡èéëêì Þ�ß�ôõ ö
f̃ ∈ CG(Γ) ( = Centralizer) ⇔ f∗ = id. : π1(X)→ π1(X) when f̃ fixes a base
point.

Q. Suppose Mi
3 be a 3-manifold with ∂Mi = T 2, i = 1, 2.

When is M1 ∪
f
M2

∼= M1 ∪
g
M2, where f, g : T 2 → T 2 are homeomorphism?

A. Theorem A ⇒ If g−1 · f : T 2 → T 2 can be extended to a homeomorphism:
M1 →M1, then M1 ∪

f
M2

∼= M1 ∪
g
M2.

����ÐÏ�Ñ 3 Suppose M1 = D2 × S1, a solid torus. Then h : ∂M1 = T 2 → T 2 can
be extended to h̄ :M1 →M1 iff h∗ : H1(T

2) = Z ·m⊕ Z · l→ H1(T
2) is of the

form

(
±1 c
0 ±1

)
, equivalently, h sends meridian to meridian.

��������� (⇒)

H1(T
2) = Z⊕ Z =< m, l >

h∗:∼= //

i∗²²

Z⊕ Z

²²

m
_

²²

Â // am+ bl
_

²²

H1(D
2 × S1) = Z =< l >

h̄∗ // Z 0
Â // bl

⇒ b = 0 and a = ±1(∵ h∗ : m 7→ am :∼=)

⇒ h∗ =

(
±1 c
0 d

)
and h∗ is invertible.

⇒ h∗ =

(
±1 c
0 ±1

)
( ÷ø �hùú vû Áµüý tÿþ =�� ©& )

(⇐) May assume h is a ”linear map” through isotopy in the radial direction.

And it is enough to check for h =

(
1 n
0 1

)
,

(
1 0
0 −1

)
, and

(
−1 0
0 1

)
,

and each of these is clearly a restriction of homeomorphism of a solid torus.

ÒkÓ�Ô� Õ×Ö�Ø��ÙÛÚ 4 M1 = D2 × S1, ∂M2 = T 2 and let h : ∂M1

∼=
→ ∂M2.

Then the topological type of M1∪
h
M2 depends only on |h∗(m)|, i.e., if h∗(m) =

±h′∗(m), then M1 ∪
h
M2

∼= M1 ∪
h′
M2.

��������� Suppose h, h′ : ∂M1

∼=
→ ∂M2 s.t. h∗(m) = ±h′∗(m). Then (h−1h′)∗(m) =

±m. Proposition and Theorem A ⇒M1 ∪
h
M2

∼= M1 ∪
h′
M2.
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Lens Space

L(p, q) = D2 × S1 ∪
h
D2 × S1, h(m) = qm + pl, where p and q are relatively

prime.1

Note. L(1, 0) = S3

L(0, 1) = S2 × S1

L(2, 1) = RP 2

�� � Ï�Ñ 8. (1) L(p, q) ∼= L(p,−q) ∼= L(−p, q) ∼= L(−p,−q) ∼= L(p, q+kp) ∀k ∈ Z
(2)π1(L(p, q)) = Z/p (Use Van-Kampen Theorem.)

Homology of L(p, q)

· · · // Hq(S
1 × S1)

(i∗,h∗)
// Hq(D

2 × S1)⊕Hq(D
2 × S1) // Hq(L) // · · ·

⇒ Hq(L) = 0 if q ≥ 4.

0 // H3(L) // H2(S
1 × S1) // 0 // H2(L) // H1(S

1 × S1) // Z⊕ Z // H1(L) // H̃0(S
1 × S1)

, where h∗ =

(
q r
p s

)
⇒

(i∗, h∗) =

(
0 1
p s

)
: H1(S

1 × S1) = Z⊕ Z→ H1(D
2 × S1)⊕H1(D

2 × S1) =

Z⊕ Z

(1) p 6= 0⇒ det 6= 0 and (i∗, h∗) is injective.⇒

// H2(L) //

""FF
FF

F
H1(S

1 × S1) //

0

88qqqqqqq

⇒ H2(L) = 0 and H1(L) = Z⊕ Z/im(i∗, h∗) = Z/p

1Because h∗ is homeomorphism, determinant of h∗ is ±1. Then qs− rp = ±1, i.e., p and

q are relatively prime.
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(2) p = 0⇒ h(m) = qm
h:isomorphism

⇒ q = ±1 (meridian 7→ meridian)

H2(L) = ker

(
0 1
0 s

)
= Z and H1(L) = cok

(
0 1
0 s

)
= Z

In this case, L = S2 × S1.

Remark. (1) p 6= p′ ⇒ L(p, q) À L(p′, q′)
(2) Fact. L(p, q) ∼= L(p, q′)⇔ q′ = ±q±1(mod p)

L(p, q) ' L(p, q′)⇔ qq′ = ±m2(mod p) for some m
(Ref. M. Cohen. A course in simple homotopy theory)
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