1.3 Boundary identification of two manifolds M, M5
with [ : OM; — OM,

Fact Let M be a topological (or C*°) manifold with dM # (). Then there
exists an open neighborhood U of M such that U = M x [0,1) with

—
h

h(xz,0) =z, x € OM.

U is called a collar.

The idea of proof

Use local collar and splice together using Partition of Unity.

(See Vick(homology theory) for topological case and Milnor(h-cobordism) for
C*™ case.)

Let (X, A) = (M;,0M;) (a collared pair), Y = M, and let f : OM; — OM;
be a homeomorphism. Then we obtain a manifold W = M; | J / M, identifying
the boundaries of M; and M, via f.

Examples

1.(Sphere)

Let f: 8" ! — 5" ! be a homeomorphism.

Then W = D"{J, D" = S"(homeomorphism). But, not diffeomorphism, in
general, for C*>-category.

Zv Let f: D" = D" be an extension of f.
(Such extension always exists, e.g., a "radial extension”.)

D"%[D”MD"%[D" w,Jl(w)—ﬁ(l")lf(m)
p\J, D" -~ D"\, D" = 5" v~ f(x)  fla)~ f(z)

A& 2o A FA map2 LEZ I} 2ol D", D"z ~ f(x),x €
oD"(= S" 17} D", D9 f(z) ~ f(2) 2 BUA 22 & FojAr}. upz}
Al ZF $F continuous, one-to-one L83l ontoR A ©] T3] A Al homeomor-
phismo] Ht}.

Exactly same argument shows the following.



Theorem A N
Given M; with OM; # 0, if f, g : OM; — OM, such that g~ o f : OM; — OM,
can be extended to a homeomorphism M; — M;, then M, Uf My = M, Ug M,.
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MUy My % My U, Mo z~ f(z) f(x) ~ f(z)
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AT &3 flog=(g! 10] 2 2 extension®] o] A F&st1 2L
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2.(Lens space)
Let M; = D? x S! with OM; = S' x §* = T2, Consider f : T? = T? and what
M1 Uf M2 1s.

Theorem B N
Let M; with OM; # () be manifolds and f, g : 9M; — 9M, be homeomorphisms
isotopic to each other. Then M, Uf My = M, Ug M,.

29 By Theorem A, it suffices to show the following statement :
claim f : 9M — OM isotopic to id.. Then f can be extended to a homeomor-
phism f: M — M.

Proof of claim




such that f(z,t) = (fy(x),t)on a collar neighborhood U = M x [0,1) and define
f =id. on the complement of U.

O
Question : What are homeomorphisms of T2 up to isotopy?

Answer : Classical result = GI(2,Z).
In fact, Homeo(T?) 5 Aut(H,(T?))(= GI(2, 7))
[ [
with ker(¢) = Homeoy(T?) = homeomorphism homotopic(isotopic) to id..

H(T?) /Ho(T?) 22 GI(2, 7).

Show ¢ is onto ; Given g € GI(2,7Z), view g : R? — R? preserving the integral
lattice. = g : T? — T? is induced.

AREA 0 2 closed surface ol A "homotopy = isotopy” 7} A3 H 8™ ker(¢) =
Homeoy(T?) = T2 exercise 2(3)& ©] 83} f2} id. A}o] 9 straight line ho-
motopy S & & 91, o] AL 7?4 A 2] homotopy & W& 4 Ut}

HW 7 Prove the followings.

WA 1
X 4L X Vv € I' = deck group of X,
1P P = Iy € IMsuch that
x 4, x foy=~of

where p is a reqular covering.
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(2) 91olA] X = X9 A% FW & f e No(l'), when G = Aut(X).(The type

of the automorphisms depends on the category.)



(5) Universal covering case2] 7ol R
f € Cq(l) ( = Centralizer) < f. =1id. : m(X) — m(X) when f fizes a base
point.

Q. Suppose M;® be a 3-manifold with OM; = T?, i=1,2.
When is M, Lf,l My = M, U M,, where f,g:T? — T? are homeomorphism?
g
A. Theorem A = If g7' - f : T? — T? can be extended to a homeomorphism:

Ml — Mla then Ml L]'cJ MQ = M1 @) Mz.
g

WA 3 Suppose My = D* x S*, a solid torus. Then h : OM; = T? — T* can
be extended to h: My — My iff hy : H{(T?) =Z -m&Z -1 — H(T?) is of the

+1 _ . .
form < ¢ ) , equivalently, h sends meridian to meridian.

0 +1
% (=)
H(T)=Z8Z=<ml> "5 757 m +—— am + bl
I o ! !
Hi(D*xSY=Z=<Il>———17 0 —— 0l

=b=0and a==21(. h, : m+— am =)

= h, = ( +l e ) and h, is invertible.

0 d
+1 o
ih*=( 0 iCl)(%zz%% °bd)

(<) May assume h is a "linear map” through isotopy in the radial direction.

o 1 n 1 0 -1 0
Andlt1senoughtocheckforh—(O 1),(0 _1),and< 0 1>,

and each of these is clearly a restriction of homeomorphism of a solid torus.
228 4 M, = D?x S, 0My = T? and let h : OM; = OM,.

Then the topological type of Ml%Mg depends only on |h.(m)|, i.e., if hy(m) =

ih;(m), then M1 L}g M2 = M1 % MQ.

=19 Suppose h, ' : OM; = OMs s.t. h.(m) = £h’.(m). Then (h~*K),(m) =
+m. Proposition and Theorem A = M; LhJ My = M, %J/ M. 0



Lens Space

L(p,q) = D* x S! L}g D? x S, h(m) = gm + pl, where p and q are relatively
1

prime.

Note. L(1,0) = S?
L(0,1) = S* x S*
L(2,1) = RP?

<A 8. (1) L(p,q) = L(p, —q) = L(=p,q) = L(—p, —q) = L(p,q+kp) Vk € Z
(2)m1(L(p,q)) = Z/p (Use Van-Kampen Theorem.)

Homology of L(p,q)

e H (S xS UM g (D2 x §Y @ H(D? x §Y) —— Hy(L) —— -

= H,(L)=0if ¢ > 4.

0 > Hy(L) = Hy(S' x SY) = 0 = Hy(L) > H,(S' x §Y) > Z& Z > Hy(L) > Hy(S" x S')

,Whereh*:(q 7a):>
p S

(iv,hy) = (2 i) CH(S' x S = Z& 7 — Hy(D? x SV @ Hy(D? x S') =
Y/

(1) p# 0 = det # 0 and (i, h,) is injective.=
— HQ(L) H1<Sl X Sl) —

\0/

= Hy(L) =0and Hy(L) =Z & Z/im(ix, hy) = Z/p

'Because h.. is homeomorphism, determinant of h, is £1. Then ¢s —rp = %1, i.e., p and
q are relatively prime.



h:isomorphism
=

(2) p=0= h(m)=qm g = £1 (meridian— meridian)

01 01
HQ(L):kGT(O S):ZandHl(L):cok<O s):Z

In this case, L = S% x S*.

Remark. (1) p# p’ = L(p.q) 2 L(¢',¢)
(2) Fact. L(p,q) = L(p,¢') & ¢' = £¢*" (mod p)
L(p,q) ~ L(p,q¢') < q¢ = £m?*(mod p) for some m
(Ref. M. Cohen. A course in simple homotopy theory)



