
I.4 Poincare Homology 3-sphere

Dehn Surgery :
Let M be a 3-manifold with ∂M = T 2.
Given an isotopy class of simple closed curve c on ∂M ,
consider an adjunction space, M(c) = D2×S1 ∪

h
M for h : ∂(D2×S1)→ ∂M .

If K is a knot in S3 and M = S3 −N(K) for N(K) = tubular neighborhood
of K, then M(c) is called a Dehn surgery along K with slope c. N(K) has an
obvious meridian µ, but the choice of longitude λ is not clear and defined as
follows:

MV : 0 // H1(∂N)
φ

// H1(N)⊕H1(M) // H1(S
3) // · · ·

Z⊕ Z
∼= // Z ⊕ Z // 0

µ // (0, 1)oo

λ // (1, 0)oo

Examples

1. K= trivial not.

λ

µ

�������� longitude �	 
 M = S3 − N(K) �
����� trivial cycle ������������ � ��!"$#% ��'&)(*,+-,.-/0 124365798: ;�<= ��� ��!"?>A@CBD ��E�GFH IKJML . ���ONQP , c = pµ+ qλ R LTSU V L ��E� solid torus
/0 ���

M #% meridian WX Y λ ��� SU longitude �	 
 µ ��� .- /0 , M(c) = L(p, q) ZQ[\^]_ `ba <cGde ZQ[* JML .
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2. K =trefoil knot

µ

α

1243657 �
����� α �	 
 fhgji �� klnmpo ZQ[*q+-G.- /0 α r_ ` st u ��E� ��� µ vxwy{z}|y +- /0 fhg~i �� st u ��E� M =
S3 −N(K) �
����� trivial cycle ��� FH I�JML . � L R L ��� longitude �	 
 λ = α− 3µ ��� JML . ���
NQP c = pµ+ qλ R L V L�SU M =M(c) #% homology r_ ` �� >A@~�0�� L .
Adjunction space #% MV-sequence �
����� exact sequence
· · · // Hq(T

2) // Hq(D
2 × S1)

⊕

Hq(S
3 −N(K)) // Hq(M) // · · ·

r_ ` &)(� �	 
 JML . ����NQP D2 × S1 ' S1 ��� SU S3 − N(K) ' S3 − s1 ��� JML . � L R L ���
Hq(M) = 0, q ≥ 4 ��� SU , H3(M) = H2(T

2) = Z ��� JML . ����x�� ,
0 // H2(M) // H1(T

2) // H1(D
2 × S1)

⊕

H1(S
3 −N(K)) // H1(M) // 0

x Â // (i∗x, j∗h∗x)

m Â // (0, j∗(c))

l
Â // (1, ?)

��� JML . ���$NQP λ #% ��!"�#% �
� #% V L mpo j∗(c) = p ��� JML . � L R L ���
p 6= 0⇒ H1(M) = Z/pZ, H2(M) = 0

p = 0⇒ H1(M) = Z, H2(M) = Z

ZQ[\^]_ `�a <c�de ZQ[* JML .�� �������� � p = ±1 #% ���"��e �
���	 
 S3  ¡ homology type ��� ;�<= JML . ���£¢ �� ���"��e �
� M(c) r_ `
homology sphere R LTSU ¤D¦¥X Y JML . §Q¨�ª©M«¬ ��­® +- /0 homology sphere �	 
 sphere  ¡ ho-
mology �	 
 ;�<=K¯ ��°�±² homeomorphic V L ¯ �³�	 
 a <´ JML . (Fundamental group ��� ;�<=�¯ � a <´JML
.)
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