Homology of CW-complexes

1. (Cellular chain complex)
Let X be a CW-complex and X7, p-skeleton of X.
Consider (X?, XP~1 X7P~2).

les: - -~H,(XP~!, XP~2) > H (XP, XP_Q)—>HP(XP,Xp_l)_fﬂp_l(Xp—17Xp—2>_>, .

Let C, := H,(X?, X?71) and 9 : C,(X) — C,_1(X) be the connecting homo-
morphism 0, in the above l.e.s..
= {C,(X), 0} is a chain complex and is called a cellular chain complex.

Zm Note

= H,(XP, Xp_Q)—>Hp( P Xp—l)_fy_]p_l(Xp—l7 Xp—Z)_>. ..

1\ :/T / Z*/T\
.. ._>HP(XP)_>HP(XP7 Xp—l)a_*>Hp_1(Xp—l)_>. ..

(All homomorphisms are induced by inclusion maps)

= 0=0,=i,00.
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(XPHL XP) ¢ oo Hpy 1 (XPHY)> Hpyq (XPH XP) s Hp (XP) —————— - -
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(xp—1 xP=2). > Hp 1 (XPTY) > H, 1 (XPTL, XP2) — H, o(XPT2) ——
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O & 72(XP—Q7XP—3)>...
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(xr, x0-1) ~
9191 dingramol A H,(XP+1, X7) & H,(X7, X0) & H, (X0, X02) &,
Cp1(X) 2 Cp(X) 2, Cp_1(X)E EW, diagram commutativityol] 2] 3] A]
0> =0?=00°] H& 2L & 5 Aot WA {C,(X),d}+= chain complex”}
2=
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2. X? =11 D7 Uy X7, f = [T ¢alope, [ = 119a- Then by the theorem of
homology of adjuction space, H;(][ Da, [ 0Da) iy H;(X?, XP~1).

1



onsequently,
(X7, XP1) =0 i#p
{ (XP, XP~ 1) &b, H,(D?,0D?)
=, H,(X?, XP~1)E free abelian group generated by {¢a. (Va)},
Where Hy(Dy,0D,) =< o >= ZO] T}

2L t}L diagram o & F-E & 4 ) old 9 diagramol| A 0 = i, 00,9]

no

@ Hy(D2,0D,) —"@ Hy, 1(S7") = @ < 04 >

Fol = | I«
H,(X?, XP~1) X Hy 1 (XP7) Hy o (XP7HXP72) —— -
A7 NA O(f.(Va)) = ixfe0s(Va) = i filoa)
3.
Hy(X) < (X041 2 (x0, r)

, -
Hy(XPHL X7H(=10))

%% (1)

(Xn+1yxn) = ... = Hp+1(Xn+1,Xn) . Hp(Xn) . Hp(xn—H) e Hp(Xn+1,Xn) e .

Ifp,p+1<n+1, ie,p<n,then Hy(X") = H,(X").

o HL(XPTY) S H(XPR2) S H,(XP) S
Now consider i, : H,(XP™) — H,(X).
1, 1s onto.
Va € Z,(X),]al :support of a, is compact, hence |a| € X* for some N. And

the chain follows from the following commutative diagram.

H, (X7 — Hy(X)(3 a = {a})



1, 1S one-to-one.
i.(8) = 0. Then i.(8) = ' = {V'} = ¥/ = de,c € Sypr(X).

Furthermore, |c| is compact, hence |c| C X for some N. And

HP(XPH) - H,(X) g R 5 =0
- ~.
Hy(XY) 3" ={8ct =0
= 0=0

(2) (AP XL X2 FE ofdfiet 22 les & dETh

. s Hp(Xi,Xifl) s Hp(Xerl’Xifl) s Hp(Xp+17Xi) s p_l(Xi,Xifl) e e

AZ1NA Wi # pp— 191 A =, i < p— 18 B H,(X, X =
H, (X X1y = 00] El B2 H,(Xr Xi~1) = H (X7, X)) 7} Ao} wha}
A Hy(XPH) = H(XPH X1 >~ (XPH,XO) ~ Lo (XPH XP2)7)
4 H e .

4.
A
A 1 H,(C(X)) = Hy(X),Vp.
Furthermore, X is natural, where H,(C(X)) is homology of chain complex
{vaa} = {Hp(Xanp71)7a*}'
%9 Consider (XPH X7 XP~1 XP=2)
! l
0— Hp+1(Xp+1aXp) — p+1(Xp+17Xp)

‘1/ *\ ‘1’31

(XP,XP~1, XP2): 0 —= Hy(X?,XP"2) — > H (X7, X? V) L H,_ (X1, XP~2) = .

‘1/ . ‘l’ * ‘L:
(Xp+1’Xp71’Xp72) . 0 — HP(XP+1’XP—2) — Hp(Xp—irl,Xp—l) - p_l(XP_l,Xp_Q) [
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2A 99 diagram e 2RE H,(C(X)) = kerdy/imd, @& <t} o] A 9
IHOZERY kerdy/imoi+ w90 BAIH =
& weba] 39 W&ol oA Hy(X)Ql Aol SrHTh

Remark

Let f: XY — YW be a cellular map, i.e., f(XP) C Y?,Vp. Then, f :
(XP, XP~") — (YP?,Y?P7") and induces f, on various homology of pairs and
hence induces a chain map f, : C(X) — C(Y).

Since everything is functorial and natural

V1

H,(C(X)) -2 H,(X)
Hy(C(Y)) —

commutes, i.e., A is natural. 5

w58 2 Let X be an n-dimensional CW-complex. Then Hy(X) = 0,q > n.



